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ALGEBRA and FUNCTIONS
Reminder - Algebraic fractions:

Addition and subtraction of algebraic fractions.

x(x+1])  (x+DE+2)  x(x+Dx+2)  x(x+D(x+2)

Example: Notice this is an You need a common denominator.
1 2 1(x+3) 2(x+1) identity - you are Multiply top and bottom of the first fraction by
+ = + ’ P
x+1 x+3  (x+1)x+3) (x+3)x+1) |#vingtofindan (x+3). Multiply top and bottom of the second
equivalent fraction fraction by (x+1)
_X+3+2x+2 so that both sides action by ’
T (x+1)x+3) are identical and Write over the common denominator.
3545 t};eref?; true for
= OXto all x. Often = signs . ,
= G )xs3) are wsed Tidy up (collect like terms).
Complete these:
1.
1 1 You need a common denominator.
—+ = + Multiply top and bottom of the first
x x+l x(x+1) x(x+1) fraction by (x+1). Multiply top and
bottom of the second fraction by x.
= Write over the common denominator.
x(x+1)
= Tidy up (collect like terms).
x(x + l)
2. You need a common denominator.
1 3 Look for the different factors in both

denominators.

Multiply top and bottom of the first
fraction by (x+2). Multiply top and
bottom of the second fraction by x.

Write over the common denominator.

Tidy up (collect like terms).

You need a common denominator.
Look for the different factors in all
denominators. Including repeated
factors.

Multiply top and bottom of the first
Jfraction by x. Multiply top and bottom
of the second fraction by x(x+2).
Multiply top and bottom of the third
fraction by (x+2)°.

Write over the common denominator.
Tidy up (collect like terms).

x(x+1)(x + 2)
- x(x+1)x+2)
3.
2x + + L + +
(x+2)?  x+2 x  x(x+2)? x(x+2)  x(x+2)
- x(x+ 2)2
- x(x+ 2)2
4.
2 + > = +

Remember 2 = %

You need a common denominator.
Multiply top and bottom of the first
fraction by (x — 4)

Write over the common denominator.

Tidy up (collect like terms).
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Reminder - factor theorem and algebraic division:

If (x—a) isafactor of f(x) then f(a)=0 If (ax—b) is a factor of f(x) then £(°/,)=0
If f(a)=0 then (x—a) is a factor of f(x) and | £ £(5,)=0 then (ax—b) is a factor of f(x)

5. Determine whether or not (x + 3) is a factor of x°>—11x—6

6.If (x+1) is a factor of x*> —ax+6 find a

7. Find the values a and bif (x+2) and (2x+1) | 8. Factorise 4x°> +4x*—x—1
are both factors of 2x° + ax*+ bx — 2

Algebraic division:
Example: Divide 4x’—4x*-21x—9 by (2x+3) 2x into 4x> or what times 2x equals 4x° ?

252 Answer: 2x?

2x+3)4x°—4x* ~21x-9
: —(4x’ +6x° )
2x* times 2x + 3 / >
and subtract —10x" —21x _‘9/— 2x inzto —4x? or what times 2x equals
—4x*?

2x*—5x% Answer: —5x
2x+3>4x3— 4x2—21x -9

—(4x° + 6x7 )
-10x* —=21x - 9
—(-10x*-15x )

—5x times 2x + 3 /
and subtract —6x -9

2x*— 5x -3

e 2x into — 6x or what times 2x equals
—6x7?

. Answer: =3
2x+3/‘ 4x*—4x*-21x -9
—(4x°+ 6x° )
—10x* -21x -9
—(-10x*=15x )
- 6x—-9
—3 times 2x + 3 Note:

and subtract T —(-6x-9)

. uotient is 2x % — 5x — 3
— _ _ _ +—— Remainder Q

Remainder is 0

s AP —dx? - 21x—9=(2x+3) (22— 5x—3)=(x+3)(2x + 1)(x-3)

Alternatively you can use inspection or by equating coefficients.
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Improper fractions:

The degree of a polynomial is the highest power of x in the expression. i.e. x>+ 3x is of degree 2.
x*—x%+5 isof degree 4, (x + 4)(x — 3 )(x — 5) is of degree 3 (when expanded the highest power of x is 3).
If the numerator has degree equal to, or greater than, the denominator then the expression can be rewritten as
shown below and the above method applied (or you can use algebraic division).

x4l
x+2 A ) x+2
’; :22 =Ax+B + . 7 and so on Note: here you could also divide and put the remainder over x + 2
2x? — B 1 i
= A+ S or factorise the denominator and so mm =4+ z—; ﬁ

X — C D
x+3)2x-1) — Ax+ B+ ix+3i+ (2x-1)

and so on.

You could use division but it is useful to know this method.

Example: Express = +2 in the form 4+ -2 YY)

2l = g4 As before you need a common denominator. Think of A as
X2 T x+2 4 . . .
4 +
A(x+2) . Ales2)eB = Multiply top and bottom of the fraction by (x + 2) and write
= + == = J—L over the common denominator.
x+2 x+2 x+2

So x+1=A(x+2)+B

True for all x, so you can substitute any values of x to enable

This is true for all x. you to find A and B. Easiest to choose values that make the
x=-2 —-1=B bracket zero. Any values will do but you will have to solve
simultaneous equations if you do not use value(s) that make
x=0 1=24+B=24-1 the bracket(s) zero.
IA=2 = A=1 No other brackets so choose a simple value for x.
x+l — 1 _1 Rewrite the original expression.
So Y2 = 1 x+2 & v
2
9. Express X *3 j
2x+1

Ax is —AliandBis if—

Write over the common denominator.

True for all x.

Rewrite the original fraction in partial
fractions.

OR you can do this question by algebraic
division.

10. Express 2xx+_23 in the form A+ fo
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11. Express

2x%+2 in the form A+ (x%j + Ix€3i

x+1)(x-3

Think of A as % Multiply top and bottom
of the fraction by (x + 1)(x — 3). Multiply
top and bottom of the second fraction by
(x — 3) and the third by (x + 1). Write over
the common denominator.

True for all x, so you can substitute any
values of x to enable you to find A, B
and C.

Easiest to choose values that make the
brackets zero.

You should be able to find two. Then
choose a simple value for x.

x = 0 perhaps.

Rewrite the original fraction in partial
fractions.

Simplifying rational expressions:
With fractions always look to factorise and/or cancel.

(a) Find (1)

(c) Simplify

12. If f(x) =3x° + 5x*—4x — 4

(b) Use the factor theorem to show that (3x + 2) is a factor of f(x)

3x° +5x* —4x—4

xP-x-2
i  2x(2x+3)2x 1)+ (2x+3)2x_9)
21 2402
13 Simplify (@) () Lﬂx 14. Simplify 4x* +12x+ 9
- 2
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Partial Fractions:
Learn the methods for the different types.

15. Type I Denominators of the form (ax+b)(ex+ d)

Express as the sum of partial fractions.

ek
(x+D(x-2)
2x-3 A B

G+Dx-2)  x+l  x-2

(x+1)(x-2) i (x+1D)(x-2)

(x+D(x-2)
So 2x-3 = A(x-2)+B(x+1)

This is true for all x
x=2 1= 3B = B="

Put a constant over each linear factor and
add. Notice this is an identity — you are
trying to find A and B so that both sides
are identical and therefore true for all x.

As before you need a common
denominator. Multiply top and bottom of
the first fraction by (x—2). Multiply top and
bottom of the second fraction by (x+1).
You may miss out this line.

Write over the common denominator.
Best to leave with the brackets.

True for all x, so you can substitute any
values of x to enable you to find A and B.
Easiest to choose values that make the
bracket zero. (Any values will do but you
will have to solve simultaneous equations
if you do not use values that make the
brackets zero.)

Q2x—1)(x-1)

X= - = A= Rewrite the original fraction in partial
2x-3 _ + fractions. Remember your fraction work.
+1)(x-2) +1 -2 i
G+D(x-2)  (+)  (x-2) S
. 2x+1 . -
16. Write — == "~ as the sum of partial fractions.
(x=-2)(x+4)
17. Express 4-5% a5 the sum of partial fractions.




18. Type II Denominators of the form (ax +b)(cx +d)?
2x
(x+3)(x-1)?°
2x A B c

(x+3)(x-1)? x+3 " (x-=1)?

Express as the sum of partial fractions.

= + +
(x+3)x-1)*  (x+3)(x-1)? (x+3)(x-1)?

(x +3)(x - 1)

Notice for the squared bracket you
write as two partial fractions, one
without a square and one with a square
—and constant on the top of both.

Add the fractions. (You can miss out
this line.)

So 2x= A( ) + B( ) )+ C(
his is true for all x. True for all x, so you can substitute any
T _S values of x to enable you to find A, B
X = and C.
Easiest to choose values that make the
X = brackets zero.
You should be able to find two. Then
_ choose a simple value for x. x=0
X perhaps.
2x
) = + + 2 . .. .. .
(x+3)(x-1) (x + 3) (x - 1) (x-1 Rewrite the original fraction in partial
fractions.
x+1

19. Decompose into partial fractions.

(x—D(x+ 2)2

3

in partial fractions.
x*(x+3)

20. Express

Careful. You should have
three fractions.




21. Write —— #*  as the sum of partial fractions.
x-3)2x+1

x*+2

22. Express — =~ "~
(x+2)(x* -1

in partial fractions.

Any quadratic factors
should factorise.
egx’-4=(x+2)(x-2)
Here you should spot ‘the
difference of two squares’
and factorise.

Then as before but with
three partial fractions.

Partial fractions and the binomial expansion:

X . . . X .
23. Express (537)(z+) in partial fractions and hence express {537)(z71) as a series

in ascending powers of x up to the term in x 3 State the range of values for
which the expansion is valid.

Express in partial fractions
and then rewrite each
denominator on the top of the
fraction in brackets to a
negative power.

Do not forget: you need

1+ )P to use the
expansion.

(x+2) = (2+x) so take 2 out as
a factor before doing the
expansion.

Expand each term and collect
together like terms. Careful
with the minus.

x has to be valid for both
expansions so pick the one
with the tighter restrictions.
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Partial fractions and differentiation:

24. Express f(x) = 2 partial fractions and hence differentiate f(x)
2x+1D(x-2)

Express in partial fractions
and then rewrite each
denominator on the top of the
fraction in brackets to a
negative power.

Differentiate remembering:
If y = (ax +b)"

then ¥ = an(ax +b)" !

Partial fractions and integration - see page 28.
Mixed questions 1

25. The polynomial f(x) is defined by f(x)=2x>—3x>—11x+6
(a) Find f(-2)

(b) Show that (2x—1) is a factor of f(x)

(c) Factorise f(x) as far as possible.

26. Solve the equation 3x>+4x?—3x—4=0

27.Express 9%+l inthe form Ax+B+5%
3x-1

28. (a) Show that (x + 1) is a factor of 3x>—2x%—3x+2

3x° —2x* —3x+2
b) Simpli
(b) Simplify PRERR
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3 1

29. Express as a single fraction 1-2x 2+ x

30. Write 2-3x as the sum of partial fractions.
(1-2x)A-x)(2+x)

31. f(x)= ( > 7 (a) Express f(x) asthe sum of partial fractions.  (b) Find f'(x)
x(x+

5x +1 . .
32.f(x) = x +x1)JEx 5= (le Tt (xz_ 7 Express f(x) as a series in ascending powers of x up to the term

inx> State the range of values for which the expansion is valid.
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DIFFERENTIATION

Rates of change:
% s the rate at which y changes as x changes.

= 3 means y is changing 3 times as fast as x (If x changes by 5, y will change by 15).

The rate of change of p with z is £

The rate of change of ¢ is % (always assumed with time if not given).
If % is + ve then g is increasing.

If % is — ve then ¢ is decreasing.

For rate of change problems write down:
e Any formula that may be used (area, volume,...

You may also need to use
the fact

dy_ 1

dx%

) - you will probably need to differentiate this.

e Any rate of change given. You may be given a rate of change directly proportional to a variable - so
you need to know how to write this as an equation with a constant of proportionality.

e The rate of change that you have to find.
You use the ‘chain rule’ to find the rate of change required.

33. Find the rate of increase of the volume of a cube when the side is
3.5 cm and each side length is increasing at a rate of 0.3 cm?/sec.

Complete: Find - given o
ar _
dx
a_ar.
dr dr
av
x=3.5 E = =

Let side length of the cube be x.

Volume of a cube.

Differentiate.

Use the chain rule.

34. On a hot day a circular puddle of water is decreasing in area at a
constant rate of 20 cm s . Find the rate of decrease of the radius of
the puddle when its area is 1 m?.

Note: Area Im?= 10000cm”.

da
dr

Want to find 4 o

it
Use A=
dr

dt
Find r when A = 10000 and hence 4

a4 _
dr

using the chain rule.

is negative (it is decreasing)

when A = 10000cm”°.

dt

35. The surface area of a sphere is increasing at a rate of 3 cm*s . Find
the rate of increase, in cm> s, of the volume of the sphere when its

radius is 4 cm.

Want ""i—’t/ whenr =4

av.

V— 3 hence o
S=47r° hence 3“

Given ZS =3

dav dav ., dr

L7 —X—

dt dr
Find i

F lnd

but do not know a

when r=4.
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You may be given a rate of change directly proportional to a variable - so you need to know how to write this
as an equation with a constant of proportionality. You could be given further information to find this constant.

36. During initial growth the cells in a culture increases in proportion to the
number of cells present. Write down a differential equation to model the
rate at which the number of cells, », is increasing with time, 7.

The number of cells, n,
increases with time so dn/dt.

37. If a body falls, from rest, through a medium which causes the velocity to
decrease at a rate proportional to the velocity, write down a differential
equation that satisfies this motion.

Velocity decreases with time
so —dv/dt.

Also see page 33.

Implicit differentiation:

For some equations it is impossible to rearrange to give y = f(x) and hence differentiate. So you use ‘the chain
rule’ to differentiate each term in an equation without rearrangement. You can use this method (and it is often
convenient and simpler to do so) for any equation. Below is the method you should use to differentiate terms
(with y in them) with respect to x. You may do without the initial writing down of ‘the chain rule’ but you are
advised to start by using it and leave it out later.

(i) To differentiate y* with respect to x just differentiate

40.
dx

L dy?) _dp?)  dy dy
Examples (i) i = d X E = 2yx E with respect to y (i.e. 2y) and times by %
(11) % — % (ii) The differential of y with respect to x is %
(iif) d( y 3 ) _ d( y 3 ) y Q = 3y 2, Q (iii) To differentiate y* with respect to x just differentiate
dx dy dx dx with respect to y (i.e. 3y*) and times by %
(lV) d(2y ) — d(zy ) % Q = 2% d_y (iv) To differentiate 2y with respect to x just differentiate
dx dy dx dx with respect to y (i.e. 2) and times by %
d(xy ) _ Q _ Q (v) and (vi) For these two you are differentiating a
v) ——F=x—+yxl=x—+y e e
dx dx dx product. The differential of xy - This is x times f{(x)
) (v =f(x) is implied). The first function times the
d(x d d differential of the second function plus the second
(Vl) ( y ) (y ) Cb} + y X2x=x 2y + 2xy Junction times the differential of the firs function t. When
dy dx you differentiate the y term use the methods above.
(V ) d (SlIl Yy ) d(SIH Y ) dy =cos y — dy (vii) To differentiate sin y with respect to x just
dx dy dx dx differentiate with respect to y (i.e. cosy) and times by %
(Vlll) d (e Y ) _ d (e Y ) % Q = Q (viii) To differentiate e” with respect to x just differentiate
dx dy dx dx with respect to y (i.e. e*) and times by %
Complete:
4
38. M = 38. To differentiate y* with respect to x just
d(cllfl ) differentiate with respect to y and times by %
39. — =
dx
de™)

40. Careful here. e ™ is the same as e =
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Complete:
3
41, 9G9)_
dx
4 d(3cos y) _
dx
43, d(xsin2y) _
dx
2
44, d(x” tan y) _
dx
45. d(xlny) =
dx

41. A product of 5x and y*

43. A product of x and sin 2y.

44. A product.

45. A product.

Differentiate each equation with respect to x and hence find %
46. x*+y*=25

d(x*) _ d(y®) _ d@s) _
de de dv
o A—
dx
47. 2x*+xy—-y=2
d(2x*) _ d(xy) _ ay) _ 4aQ)
dx dx dx dx
7 ( )=
& =
dx
48. y=x’e’
49. l+l=1ny
Xy

You can differentiate each term
separately and then combine them or
differentiate each term in the equation
(but be careful!)

46. Here differentiate each term
separately.

Combine them.

All terms with % in on one side all

other terms on the other.

 _
Now rearrange to get —-=

47. Again differentiate each term
separately.

Combine them. Careful - there is a
minus.

All terms with % in on one side all

other terms on the other.
Take % out as a factor.

dy _
Now rearrange to get —-=

48. Careful - a product and it is e to
the power y.

All terms with % in on one side all

other terms on the other.

Take % out as a factor.

b _
Now rearrange to get —- =

49. First write the reciprocals as
negative powers. Then differentiate
each term.

All terms with % in on one side all
other terms on the other.

Take % out as a factor.
Now rearrange to get % = and tidy
up.

Note: You do not want fractions within
fractions.
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50. Find the equation of the tangent to x?- 3y2 =4y at the point (8, 4)

51. If y2=4dx+1, ﬁndgxy— in terms of x.

52. Find the equation of the tangent to the circle x 24+y%+4x+6y=0 atthepoint (1,—1)

Differentiating a™ :

Let y=a"
Taking logs base e Iny=Ina” oorn thhs mothod oo ackod
. _ earn this method as you may be asked to
Usmg log laws llndi) xlna show how the result is obtained.
Differentiate = Ina
% - ylna=a"lna
d(a”
So @) =a*lna
dx
X
Example dgx ) 7" In7 Just use the rule.

Using substitution.

b
Use the rule for T

Now use the chain rule.
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54. Differentiate (a) Just use the rule.
(a 2* (b) 3**! (b) Chain rule. Write down the answer
or use substitution.
(©) 5"2 @ 67" (c) Chain rule.
(d) Careful. Chain rule.

Reminder: Exponential functions are of the form a™ e.g. 2%, 3%, 10%, etc. The exponential function is e*
A _ de) e A .

— =qa — = ae

dx dx dx

55. The number of bacteria, , at time 7 minutes is given by n=A 2", where A is a

constant. Initially there are 5 bacteria. [nitially means when t = 0

First use this information

(1) Find the number of bacteria after 10 minutes. to find A.
(ii) Find the rate at which the bacteria is growing after 10 minutes. Then you can find n when
t=10.

Rate of growth (with time)
so differentiate.

56. The mass of a radioactive substance is given by m = mgy e ¥’ where m is the mass at time years, m is
the initial mass and % is a constant.
Given that m = 0.8 m, when ¢=6 find the mass in terms of m, when 7= 10.
Also find the time when m = 0.5 m,

57. The population of a town can be modelled by P =26500 x 1.04° where ¢ is the number of years
from 2018. (a) What is the population in 2018?
(b) What is the rate of growth of the population after 5 years?

58. You buy a car for £8000 and it depreciates by 20 % per year. Write down an exponential equation to
model this depreciation. How much will the car be worth after 5 years?
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Describing curves: j
Join two points on the curve in the region you are looking at
- if above the curve then that part of the curve is described as ‘convex’ or ‘concave upwards’ NUAN J

- if below the curve then that part of the curve is described as ‘concave’ or ‘concave downwards’ /\ "\ /"
. . . . .- . dy .
Turning points are where % = ( and the gradient changes from negative to positive as x increases (d—x}; 1s

o .. e . . dy . . .
positive) for a minimum, or from positive to negative as x increases (d—x); is negative) for a maximum.

2 2
Stationary points are where % =0 These could be local maximums (% is negative), local minimums (-‘%

is positive) or stationary points of inflection (% does not change sign as the curve passes through the point).

2
Stationary points of inflection are where % =0, % =0 and the curve changes from convex (concave

. .. d?
upwards) to concave (concave downwards) or vice versa as the curve passes through the point. i.e. d—x{

changes sign. % does not change sign.

2
Non-stationary points of inflection are where % #0, % =0 and the curve changes from convex (concave
upwards) to concave (concave downwards) or vice versa as the curve passes through the point.

. d*y . dy :
i.e. .7 changessign. —- does not change sign.

59. Find the point of inflection for the curve y =x 3 +3x?—x—4 and show that it is a non-stationary point
of inflection.

60. Show that the curve y=xe™ has one point of inflection and give the coordinates of this point.




18

the origin is y + 7x = 0. Determine the equation of the curve.

61. A cubic curve, y = f(x), has a point of inflection at (2, — 30). The equation of the tangent of the curve at

Mixed questions 2

half way up the cone. Give your answer to 2 decimal places.

5

‘}

62. A container in the shape of an inverted right circular cone of height 20 cm and base radius 5 cm is being
used to catch water dripping from a tap at a constant rate of 0.2 cm’ per minute. If 4 is the depth of
water in the cone, find the rate of change of / in cm per minute when the depth of water in the cone is

20

63. Differentiate the following with respect to x

(@) x (b) » © x° @ (€ Sxp’ H 3x%
64. Differentiate the following with respect to x
(@) 2cos3x (b) 2cos3y (c) 2e¥ (d) 2e¥ (e) 2In3y

65. Find the equation of the tangent to the ellipse x>+ 2y? = 33 at the point (5,2)
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66. Find 2 if y=2*

67.Find 2 for 5x?-3xy-6y2=8

68. The number of rodents on an island is modelled by N =A ¢ where N is the number of rodents after
time, # months. Initially there were 6 rodents.

(2) What is the value of A?

(b) If there are 24 rodents after 2 months, work out the value of k.

(c) What is the population after 1 year?

(d) What is the rate of growth of the population after 6 months?

(e) Criticise this model.

69. Find the point of inflection for the curve x> +9x%+ 15x — 4 and show that it is a non-stationary point
of inflection.
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INTEGRATION

Integration as a limit of a sum:

Consider the area between the curve y = f(x)

the x axis and the lines x =a and x = b

This area can be estimated by splitting the area into
thin vertical rectangles.

The sum of the areas of the rectangles then gives an
approximate value for the required area.

The thinner the strip, (and so there are more of them)
the better the approximation.

y=1(x)

The limit of this sum as the rectangles become narrower is the integral.

The fundamental theorem of calculus says that this is the same as doing the reverse of differentiation.

x—0

=b b
lim Z yox = I ydx .. integration is a process of summation.

Although you have applied this to area the result applies to any situation where you end up with a limit of a

sum.

70. Part of the graph y = xl—z+ x*+1 is shown. The area under the graph between the lines x =1 ,x =2

and the x axis is estimated by calculating the areas of the 5 rectangles, of equal width, dx.

(a) What is the value of dx ? g
(b) Work an estimate for area under the graph using 5 rectangles,
x=2
Z y&x , where y is the height of the bars. .
x=1 1 2 x
x=2
(c) Calculate lim Z yox
ox—0 =1
Reminder - integration:
n+l n+l
Ix"dx - +c Iax” dx =a * +c True for all rational n except for n =— 1
n+1 n+l
n (ax + b)’”1 _ A useful one to know - only works if the expression in the
.[ (ax * b) e = ax (n + 1) te n#-1 bracket is linear. (Differentiate the answer using the 'chain rule'
Work out: to check its validity.)

71, Ix3+3«/;—5 dx

23
72. Ixz > dx

73. I (Bx—2)"dx

74, j 2(2x +1)° dx
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. ,[ oy & 76. I oy &

Note: Write the bracket on the top with a negative power then
you can use the above result.

The numerator must be a constant, the expression in the
bracket linear, and the power # —1

Area between two curves:

Reminder:
The area between a curve y =f(x) and the x axis for x=a to x =5 is given by:

b b
Area between curve and x axis = Iay dx = L S(x) dx use the function of x in the integral.

Areas below the x axis are negative.
Sketch the curve if possible.
For area between the curve y =1f(x) and the x axis for x=a to x=>5 as shown below you will need to work

out:
y

J[rmac e [ rema -

Make both areas positive and add them together.
| a p\lb\ x

You could be asked to work out the integral Ib Jf(x) dx If so, then do not worry about signs, just work it out!

Area between two curves:

y=g@ x
Ya &y =f(x)
/7 y=g@®
a =x
a b ¥ / y=1()
Here it is easy to see that the area between the Here the area between the curves equals the area
two curves equals the area under y = f(x) minus under y = f(x) minus the area under y = g(x)
the area under y = g(x) fromx=atox=5 from x = a to x = 0. For the next part from
x =0 tox = b it will be the same as the g(x) area will
be negative and when you subtract it from the f(x)
area this will make it a positive area to add.
So for both graphs:
b b Check yourself with these curves.
Area between the C_urves = j f(x) dx - J‘ g(x) dx N Area between curve and the x axis= E
fromx=atox=»5 a a 3

[T 70~ g ax

So you do not need to worry about the parts of either curve above
or below the x axis. And if you do the subtraction the other way
round the area just works out to be negative.

. . . . Just work out which areas will be positive or negative
All you need is the points of intersection. and what happens when you sublract the fuctions.

B = Area between curve and the x axis.
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77. Find the area between the curves y=x>—3x—18 and y=9 —x 2
A sketch will help you
to ‘see’ what you are
doing.
Find the points of
intersection.
Find the area
between the two
curves.
MEI students: For areas between a curve and the y axis for y =ato y = b use:
) b b
Area between curve and y axis = jax dy = jaf (») dy
Rearrange (if necessary) to give x in terms of y and use the above.
78. MEI students: Find the area enclosed between the y axis and the curve x =3y — y?
A sketch will help you
to ‘see’ what you are
doing.
Integrating e” and 1 :
Other standard results you should know:
Iexdx =e'+c ae’dx = ae™+ ¢
1 L [ il - 1 a_ .
[Ladc =tfx|+c | | [£dr = tnfx|+c & dy = ¢lnfx|+c

| mipdx = %1n|kx+b| + C
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Work out:

79. ..3e"dx

81. :%dx

83. "Sx‘ldx

85. [S(e™+3) dx

3
87. j v A

3
89. I 5x+2 dx

80. |5-dx
g2. |+e’dx

[ 2
84. |S—dx

Use the rules above.

83. Write as I%a’x (only the
X is to the power —1)

84. Integrate each term.

85. Expand the bracket. Then
integrate.

86. Expand the brackets.
Write as two brackets - you
are less likely to make a
mistake. Remember Inx is the
result for integrating 1/x . 1
over other powers of x in the
denominator you must use
indices and the power rule.

91. Work out I e *—x dx

First rewrite the «/; asa
Jfractional power.

Integrate using the rules.

92. Work out J‘%+ﬁ dx

The first term is 4 x-l-
5 x

The second term is not a In.
Write as a power of x. This
means put the x to the top as a
negative power.

93. Evaluate I _11 2¢* +2 dx

Integrate each term and then
substitute in the values of x.

Top one substituted in minus
the bottom one substituted in.

2
94. Evaluate J- . 2—3x dx

Integrate and then substitute
in the values of x.
Remember In1 = 0

95. Find the area between the curve y=x>+ e*, the x axis and the lines

x=landx=2

A sketch of the curve helps to
see what you are doing.
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Integrating sinx and cosx:

. . —acosbx
Is1nxdx=—cosx+c jasmbxdx:aT
a sin
Icosxdx=s1nx+c jacosbxdx=a bx+c

and from the differentiation of tanx

J'secz x dc=tanx + ¢

96. j sin 3x dx =

97. _[2 cos 6x dx=

98. [sin(x —%)dx=

99. j3 cos(z — 2x)dx =

100. I(;%Zsiandx=

101, j//3 cos(2x + =) d =

102. jzsec2 x dx =

103. Isecz 3x dx =

Using Trigonometric identities:

104. Isinzx dx

Use the identity

cos 2x = 1 —2sin’x.
Rearrange to give sin’x.
Substitute and then integrate.

105. Itanx dx= J—dx

Use the identity for tanx.
Then use
Iffg)ldx=ln|f(x)|+c
Careful (mind the minus)
OR

use the substitution u = cosx

106. j1+tan2xdx

Use the identity for 1 + tanx.
Then integrate. A standard
result.

107. jo%4cos2 x dx

Use the identity for cos 2x in
terms of cos x.

Rearrange to give cos’x
Then integrate and apply
limits.
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108. Use the double angle identity to express cos40 in terms of cos 20. Hence | Use the identity for cos 2x in
terms of cos x with x replaced

evaluate I % cos 2260 do by

0 Rearrange to give cos’ 20,
Substitute and integrate.
Apply limits.

Integration by substitution:

(Change of variable)

You change the variable to put the integral into a form which you can integrate from the rules that you know.
Learn the method - don’t forget to change the dx .

Example: Ix(xz +3) dx

du
Letu=x>+3  Then e 2x and 50 ... 5 du =....xdx ( from I...%dx = I du )
jx(x2+3)3dx= j%u:"du \
. Look at the question if u is to be (x? + 3)
_ then you need to replace x dx
2x4

= s(x*+3)* +¢

2 5 Alternatively, could be done by
109. .[x (x°+5)° dx inspection. Thinking of an answer and
Let u=x2+5 differentiating it to see how close you get
du - then adjusting your ‘guess’.
Complete: = S du= dx
Here using the method in the example.
I x( x2 +5)5 dc = j du Again you need to replace xdx

Integrate.

Indefinite integral - so put the xs back in
and don’t forget the c.

110 j vle x3 dx Could be done by inspection.

Let u=x> Here using the method in the
ed u=x example. You need to replace
Complete: % = s du= dx xXdx
3
I xte¥ dv = j du

You can check the answer by
= differentiating the result.

111. Icosxesm"dx Use u = sinx.
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M . . 3 . 3
112. Icos xsin> x dx Rewrite sin-x as (sinx)°.
Then let u = sinx

Rewrite cos*x as (cosx)*.
Then let u = cosx

Definite integral — so change
the limits.

x=0 u=cos0=1

x =etc

(You could obtain the integral
in terms of x and substitute the

113. jo%sinxcos“ xdx

x limits.)
f'(x) / f(x):
Integrals where the top is the differential of the bottom. Use the result
o dx = 1n| £ i ut
) ax =1 Ix +C Alternatively you can use the method of substitution.
Remember: In is log
. 2x d
114. Find 2414 X Here the top is exactly the differential
of the bottom. Just use the rule.
. JAC) I
115. Find I%dx Use [ 563 dv=In|f (x)] + e

OR use substitution. Let
u=1-cosx

2 2 First make the top the differential of the
116. Complete: J. xf 4 dx = %I%ﬁz dx bottom by multiplying the top by 3
(You can only do this with constants.)
_ Then make it equal by dividing by 3 -
but as it is a constant put it outside the
integral. Use the rule.
117. Complete: J. x:’;i n = 3J. x2x+1 dx First take out the constant.

Now make the top the differential of the
bottom by multiplying the top by 2.
Then make it equal by dividing by 2 -
but as it is a constant put it outside the
integral. Use the rule.

x+1
2

x“+2x ¥ +1

2
118. Find j 119. Find I 2l

Sometimes solutions which contain In can be made simpler. e.g.
Iz—ﬁdx=ln|l + x2‘+c
1+x

= ln‘l + x2 ‘ +In A4 Changing the constant to the In of a different constant. e.g. 2.14 can be written In 8.5

=In A’l + xzi Using a log law.



Integration by parts:

v I = — |y
J‘ude—uv vatdx
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= —xcosx+sinx+c

_ dv _
Example: Ixe"dx letu=x and L=e* Letu=x and §r=e”
Differentiate x and
ﬂ: f— x
so & and v=e integrate ¢*
J'xexdx = xe - J'ex 1dx Then apply the rule.
=xe'-e'+tc
Example: I xsin x dx letu=x and L=sinx
dx dv .
B Letu=x and - =sinx
80 &= 1 and V= C0sx Differentiate x and integrate
Ixsinxdx = —XCOSX — j—cosxdx =—xcosx + jcosxdx Simx
Then apply the rule.

120. jxe-x dx

—-X

Letu=x and % =e
Differentiate x and
integrate e~

Then apply the rule.

121. I(x+1)e" dx

Letu=x+I and % =e”
Differentiate x+1 and
integrate e ”

Then apply the rule.

Simplify your answer.

122. j 2xcos3x dx

You do this one.

123. Ilnx dx

Special case. Rewrite Inx as
1xInx and apply integration
by parts. You may apply the u
and dv the wrong way round.
(vou will soon know as you
will need to integrate Inx !)
LEARN HOW TO DO THIS
ONE.

124. sz sin x dx

Use integration by parts twice.
After the first application you

will end up with I axcosx

in your answer - then apply
again.
(Be careful with your signs.)
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125. sze"

Use integration by parts twice.
After the first application you ~
will end up with Iaxexdx in

your answer - then apply
again. (Be careful with your

signs.)

126. | 0% 2xsin2x dv

Remember you are working in
radians. (Otherwise you
cannot use the results for the
integration of sinx or cos x).

Work out as before then
substitute in the limits to the
whole answer.

(No need for + ¢)

127. j;wxeSx dx

Work out as before then
substitute in the limits to the
whole answer.

(No need for + ¢)

128. j e* sin x dx

Use integration by parts twice.
After the second application
you will end up with

—J. e” sin x dx on the right
hand side. Just add to both

sides and divide throughout
by 2.

Integration using partial fractions:
You know from your work on integration

J.HC dx = aln‘x+c‘ +d and j

IHC —%ln‘x+cl+d and Iﬁﬁ:

= 1n|x+2|+c

Denominator must be linear.

=In[x +2|+In 4
=In 4Jx + 2

a ln|bx + c|
b

J. 3(2x—1) I (2x— 1)

=35 1n|2x 1| +c
=21n2x-1|+In 4
=In(2x—1)*+In 4
=In A(2x—1)"




135. jidx= 136. J.«/2x+ldx=

137. |27 dx = 138. [ dx =

(1-2x)?

139. Use the substitution u = x2 — 2 to evaluate Ix(xz — 2)4 dx

140. Use the substitutionu =2+ e* to evaluate J.e"\/Z +e* dx =

141. Evaluate le (2x-1) dx

142. Use the substitution u = Inx to evaluate j f%ln x dx

143. Evaluate I xcosxdx

543 the sum of three partial fractions. Hence evaluate 353

144. Express as m (x=1)(x+1)?
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129. Express m in partial fractions and hence find J. (x+2)( x_3) dx

_ 2x=5
130. Express )1 é;( x5—l)2 in partial fractions and hence find I (x +2))C(x_1)2 2

(Note: one term is not linear in the
denominator and so does not give In )

Mixed questions 3
There are many different integrals covered in this course.

e Standard integrals. e Integration of fractions where the top is the
e Definite integrals. differential of the bottom.
e Integration by using trigonometric e Integration by parts.
identities. e Integration as a limit of a sum.
e Integration using partial fractions. e Numerical integration - trapezium rule.
e Integration by substitution. e Integrating parametric equations - page 37.

Try this mix of questions:
131. j6x2+2x—1 dx = 132. jse“ dx =

133, [Zdx = 134, [525 dx =
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2 5,
145. Evaluate I

x
1 43

Is your answer an under-estimate or over-estimate of the actual value? (Give reason.)

146. Using the trapezium rule with 3 ordinates find an estimate for j 12 log,, x dx to 3 significant figures.

147. y=(3x-5)*
Calculate lim Z yox

x—0

148. Sketch the curves y=x>—5x+6 and y=3x— x

Find the finite area bounded by the curve y =x?—5x+ 6 and the curve y =3x—x

2

DIFFERENTIAL EQUATIONS
Differential equations contain % or fixz etc.

First order differential equations:
These are differential equations that contain only first differentials

e.g. %=xy, %=x etc.

They tell you the gradient of the curve at different
points on a grid. You can plot the gradients as shown.
The grid gives you an idea of the shape of the family
of solutions of the differential equation.
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Differential equations - variables separable:

By multiplying and dividing get the y parts and dy on one side and the x parts and dx on the other (dy and dx

must be on the top if you end up with fractions). Learn the method.

Example: Find the general solution of the differential equation

dy x
dx  y*
dy By multiplying or dividing -
y2 a =X rearrange so that the ys are with
the 2 and the xs are on the other
dy e
I y? - dx =j x dx side. Integrate with respect to x.
j 2 J_ " Iyz %dx is the same as Iyzdy
yay=\|x
32
Yy _* +c ‘ This is the general solution. ‘
3 2
Find the particular solution if y = 3 when x = 4
27 16
—_—=— = c=1
3 2
3
P x2 +1 = 2 y3 —3x%+ 6 This is a particular solution.
3 2

Note: The differential of y* with
respect to x is
d0’) _d0”) &

dx dy " dx

=2y%
So the integral of 2 y% with
respect to x is y° or J'z y% e
is the same as J'zydy =y?

Similarly for all functions of y. So
here

Iyz %dx is the same as jyzdy
Don’t forget the + ¢

Substitute in the values of x and y
to find c.

Write out the equation with this
value of c.

149. Show that the general solution of % =2xy 1s y= Ae* where Ais a

constant.

Separate the variables and put in
the integral sign.

Integrate. Remember the + ¢
Use the definition of logs to
rewrite.

Use indices laws to rewrite.

e is a constant so rewrite as A.

&

150. = =2x + 5 Find the particular solution, given that y = 10 when x =3

dx

Separate the variables and put in
the integral sign. Then just
integrate.

Remember the + ¢

Substitute in the values of x and y
to find c.

Write out the equation with this
value of c.

151. Find the general solution of the differential equation

& &
%<

Separate the variables and put in
the integral sign.

Integrate. Remember the + ¢

Rewrite the + c as + InA

Use the log laws to rewrite the
right hand side.

‘Undo’ the log to obtain a simple
equation.
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Forming and using differential equations may involve chain rule (as met before).
Here is one involving rates of change.

152. The area of a square is increasing at a rate that is proportional to
the length of its side. Find the rate of change of its side.
Complete: AreaziAA - A in terms of the side length s.

ds = Differentiate.

dA . .

a € The proportional part of the question.
dA

@ = Write down = and put in a constant of
ds proportionality.
e Chain rule.

Note:

You use ‘separating the variables’ when you have a rate of change and you wish to find an equation
and
you use the ‘chain rule’ when you are given a rate of change and you have to find another rate of change.

Exponential growth and decay:
Exponential growth and decay questions may require you to solve a differential equation.
Remember if a question says the rate of change of m (say) then you should write down dn

eg Solve the differential equation %= kP

[Lap =[ k& d
InP =kt+c Don’t forget the constant of integration.
P =ektte Using the definition for log.
P =e kt ge Using indices law.
This is exponential growth or decay P=Ae ki Writing the constant e ° as a different constant A.

The constant term above, ¢, could have been written as a log. i.e. In A and then combined with the In P to give
InZ =kt . You can then use the definition for logs to obtain the above answer.
You could be required to find ¢ and k in In form - you would then substitute given values in the second line.

& As the example above but
dt with a minus to confuse
you! This is exponential
decay.

You would use a minus if
you were given a question
where it told you that
there was
decay/decomposition/
decomposition/loss etc.

153. Find x in terms of t given that

As the example above but

. . . i —
154. Find r in terms of t given - =kr with different variables
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155. Solve the differential equation % =—k @ given that initially 8= 100 Initially is when t = 0
and &= 50 when ¢ = 30. State the value of & to 3 decimal places. ‘
Here you are given some
information to enable you
to find the constant of
integration and k.
Initially means when t = 0

156. Assume that the rate of increase in the population of a city after t years is proportional to the

population at that time. If the population was 50 000 in 1950 and 100 000 in 2000 what will it be in
2020? In what year will it be 200 000?

157. Assume that the difference, x, between the temperature of a body and that of the surrounding air
decreases at a rate that is proportional to this difference. If x = 100" when t =0 minutes and
x = 60" when t =20 minutes, find x in terms of t.
Also find (i) x when t = 40 minutes (ii) t when x = 30’
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PARAMETRIC EQUATIONS

Sometimes it is convenient, or easier, to express x and y in terms of a third variable, called a parameter.
eg x=t>, y=2t—1 These are called parametric equations.

Eliminating the parameter:

You can eliminate the parameter to find the direct relationship between x and y.
eg x=t>, y=2t+1

so t=%+/x OR t= yT_l

sy=%24x +1 x=(yT‘1)z = 4dx=(y-1)*

If the parametric equations use trig expressions, you may need to use trig identities to eliminate the parameter.
e.g x=2sinf y=3cost Where 4 is the parameter.

sosinf@=% cosf=7
Using sin?6 + cos 26 = 1 you obtain

x )2 2
() +(2) =1
or H+%=1 Multiply through by 4 and 9.
9x> +4y® =36 Which is the Cartesian equation of the curve.

Find the Cartesian equation of the curve whose parametric equations are:

158. x=2t* y=>5t¢ 159. x=24 y=t
t

160. x=3cos® y=3sinb 161. x=e' y=cost

Sketching the curve:

Plot a number of points for various values of 7.
egx=t>, y=2t-1

Complete:
t| 2 -1 0 1 2
x| 4 1
y| -5 -3

Plot the points (and label t =1, t =2 etc) and
hence sketch the curve.

Parametric equations of circles centred on the origin.
For a circle whose centre is the origin and radius is a

the Cartesian of this circleis x>+y?=a’ \‘L/a

the parametric equations of this circleare x=acos® y=asinb

Differentiating parametric equations:

U | & b d o b 3/
dr

dc dt dx dx

eg x=t*, y=3t-1
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162. Find % in terms of t, if

Complete: (a) x=73t, y=2t?
& _ @ _
dt Cdt
b _
dx
(b) x =t?, y=2t°
& _ @ _
dr * dr
Q:
dx
(¢) x=2cost, y=3sint (d) x=; ,  y=2t?
& _ P _ dx _ @
dr Cdr dr Cdr
b _ b _
dx dx

Differentiate both with respect to t.

dy
Use Q:—dlxﬂ OR ﬂ:%
dx dt dx dx dr

and tidy up.

163. Find the equation of the tangent to the curve given by
x=1? y=>5t at the point where =1

Differentiate both with respect to t.
dy
Use ﬂ:ﬂxﬂ OR ﬂzﬁdx
dx dt dx dx a
and tidy up.

Find the gradient of the tangent
att=1.

Usey—y,=m(x—x;) or y=mx+c
to find the equation of the tangent.

164. Find the turning points of the curve given by x =¢, y =¢* - 3¢, and
distinguish between them.

Differentiate both with respect to t.
dy
Use @zﬂxé OR @_=de
de dt dx dx @
and tidy up.

Find the values of x that make % =0.

To find max, or min, look at % just

before, and just after, the turning point
OR differentiate a second time to find

2 = (&)-2)x %) na

using the values of t obtained earlier to
determine max or min.

165. Find the Cartesian equation of the curve given by

x=2cos®, y=>5sinb
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166. Find the equation of the normal to the curve given by x=5cos0, y=5sin0 at the point where
0= Z Write down the Cartesian equation of the curve.

Integrating parametric equations:

If a curve is given parametrically and you are required to find the area between the curve and the x axis then
the following can be used:

A=Iydx
A=Iy—‘$—’;dt

e.g. Find the area between the curve givenby x= t*, y=2t—1 for % <t<2 and the x axis.
First sketch the curve

t| 05 1 1.5 2
x| 0.25 1 2.25 4
vy o0 | 1| 2|3
&
dt
A= I;Sy%dt

2
= jo‘s (2t -1)2¢ dt
= j P a2 dt
0.5

_[a _ 2]?
—[%_t ]045
-9}

—20_1,1_g3 ;
= —¢+4 =067 square units

167. Find the area between the curve given by
x=4cos0, y=2sin0 for 0 <x <4 and the x axis.

Sketch the curve (you may recognise
the type of curve).

Careful with the limits.
x between 0 and 4 correspond to 6

between % and 0 ( in that order).

Use the form above.

Use the identity for cos 20 to change
the sin’ 6

Integrate and substitute in the limils.
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Parametric equations are often used in motion work.
The position of an object (x, y ) at # seconds is given by
x=t*+1, y=4¢ ,1>0

Plotting points when t =0, 1, 2, 3, 4, 5 gives the curve shown.

Eliminating the parameter gives
y=4x-1 (positive root since ¢ > 0)

168. A student throws a 5 kg weight from a height of 1.8 m with an initial speed of 5 ms ' at an angle
of 45 . The equations for the path are x=(5cos45 )f, y=1.8+(40sin45 )t —5¢> fort>0
Assuming the ground is level how far does the student throw the weight.

169. An object is moving with constant velocity at point P(8,3)att=0 Att=5 its position is (-7,13)
(a) What is the horizontal and vertical velocity of the object?
(b) What are the parametric equations that describe the motion of the object?

NUMERICAL METHODS

Finding roots:
Not all equations can be solved using algebraic methods e.g. factorising, or using a formula like the quadratic
formula.

To show that roots (solutions) of equations lie between two values: When the interval is too large,

the sign may not change as there
may be an even number of roots.

— T i.e. the curve cuts the axis twice
b (or four times etc) within the

interval.

If the function is not continuous,
the sign may change but there
may be an asymptote (not a root).

If a graph is continuous for a < x < b and f(x) changes sign between x = a and x = b then there is a
root (solution) of f(x) =0 between x =ag and x = b

170. Find two consecutive integers between which the root of
x*—12x*+48x—-61=0 lies.

f(x)=x>—-12x>+48x - 61

Complete: )
£(0) = £(1) = Substitute 0 for x and evaluate.
Substitute 1 for x and evaluate.
f(2)= f(3) = Substitute 2 for x and evaluate.

Substitute 3 for x and evaluate.
Change of sign ... root lies between x = and x=
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171. Show that the equation x* +x? — 4x>— 5 = 0 has a root between
x=-2.7and x=-2.8.

f)=x*+x>—4x*-5
f(-2.7)=
f(-2.8)=
Change of sign .. root lies between x =—2.7 and x = - 2.8

Substitute —2.7 for x and evaluate.

Substitute —2.8 for x and evaluate.

172. Show that the point of intersection of y=2x+2and y=x>+3x*-7
lies between x = 1.6 and x = 1.7

At point of intersection y coordinates
are the same. So just put the right
hand sides equal.

Rearrange to give =0

Substitute 1.6 for x and evaluate.
Substitute 1.7 for x and evaluate.
State that there is a change of sign
and therefore the x coordinate of the

point of intersection lies between
these values of x.

Simple iterative methods:

If you know a point near to a solution, then you can use numerical methods to find an approximate solution.

x = g(x) method:

This method can be used to find the root of an equation f(x) = 0 which can be written in the form x = g(x)

The equation x 3 _2x—-3=0 can be rearranged in different ways to obtain x = ....

e.g.

x=1@>-3)

== given here.

Make sure that you can rearrange the given
equation x°—2x—3=0 into all the forms

Some of these equations may be used to give an iterative formula, that will converge to a root when given a
value near to the root. (Note: Some equations may give an iterative formula that will not converge to a root.)

173. (i) Rearrange e * +x — 5 = 0 into the form x = In (f(x))

(ii) Use the iteration xy+1 = In (f(x,)) based on (i) with x; = 1 to find x,
x3 and x4. Give your answers to 3 decimal places.

(iii) Check your result gives a solution of e*+x~5=0 correct to 2
decimal places by looking for a change of sign and state your solution.

Rearrange to give e™ =
Take logs base e of both sides.

Use a log law and Ine = 1 to
obtain x =

Use x,01=In(5—x,)
Give answers to 3 d.p. but use the full

value of x from your calculator in the
next calculation.

State your solution.
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2xn . .
174. Use the iterative formula x, = —5 + =3 with x;=2 to obtain x», x3 and x4. If the sequence

X

generated by this formula converges to a value o, find the equation in the form ax’® +bx%2+cx+d=0
which is satisfied by a

The real roots of x = g(x) (and hence f(x) = 0) are where the lines y = x and y = g(x) intersect. You can draw
cobweb/staircase diagrams to show how the iterations converge on a root, or diverge from a root.

175. For the following draw cobweb/staircase diagrams and describe their behaviour.

From the starting value (your first value of x) go vertically to the curve (equivalent to substituting the value
Jor x into the right hand side of the equation) and then horizontally to y = x (this gives the second value for
x). Then vertically to the curve (again equivalent to the substitution of this value) and then horizontally to
Y = Xx (for the third value of x) and keep repeating.

(a) ®

6yT y=x 6 y=x

U D U
2 4 6 * 2 4 6 x

Starting at x = 1

(©)

AN

U

Starting at x = 5

pot.

(d)

Starting at x =2

yT y=g@)
6

0
2 4

Starting at x = 4

(1) What property of g(x) determines whether you have a staircase or cobweb diagram?

(i1) Explain how the gradient of g(x) determines whether an iteration based on x,+1= g(x,) will converge or




176. The sketch graphs show that the equation x = cosx , where the angle is measured in radians, has one
positive root. On this diagram show how an initial value of x; = 0.5 will converge on this root when the
iterative formula x,+; = cosx, is used. Find this root to 1 decimal place.

y y=x
1_

y=cosx

0.5 a2\ ¥

Newton - Raphson method:

Consider the equation f(x) = 0 that has a root a and that a is an approximation for a.
The curve y = f(x) cuts the x axis at a. The tangent to the curve at x =a cuts the x axis at 5. In most
circumstances b will be closer to a and therefore a better approximation to the root, o.

Equation ot the tangentatais y—f(a)=f'(a) (x—a)
This cuts the x axis where y =0 y=1x)
i.e. where x=a-1f(a)/f'(a)

So if a is an approximation to a root
of f(x)=0

Then | b=a- Ef'_%} is a better approximation.
a

You may be used to using the iterative form:

Xn+l = Xp — —f(x")

£'(xn)
Failure of the Newton-Raphson method will occur when:
(a) f'(a) is too small. (b) f'(a) increases too quickly. (c) f'(a) is too far from the root.
y=£(x) y=1() =f(x)

Yy
a o b - a z b _ b a 0/ .

177. By sketching y =e” and y =3 —x show that e*=3 —x has only one
root. Use the Newton-Raphson method to find this root to three
decimal places starting with the first approximation, x;=0.5

Sketch y=e"andy =2—-x

Rearrange e™ = 2 — x to equal 0 and
write down f(x).
Work out f 7 (x).

Use X1 = X, — f(%) / f (%) to obtain
a better approximation. Call this x ,
Repeat to required degree of
accuracy.

Check the boundaries for your
approximation have a root between
them. i.e. change of sign.
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178. Show that f(x) =x> —9x + 12 has a solution between x =—3 and x =—4 Using a first approximation
of —4 and the Newton-Raphson method find this root to three decimal places.

179. Show that f(x) = cos2x —x has a solution between x =0.5 and x =
of 0.5 and the Newton-Raphson method find this root to three decimal places.

0.6 Using a first approximation

Numerical Integration - The Trapezium Rule:

You can find an estimate for an integral by considering trapeziums (only use this method if told to do so).

jjf(x)dx=12’-(y0+2yl+2y2+ ........ +2yn_1+yn)

where /=

Remember: 3 trapeziums gives 4 ordinates y, , 1, ¥, ¥
4 trapeziums gives 5 ordinates yo , ¥1, V2, V3 » Vs
etc.

a .
— for n trapeziums

180. Find the approximate value of J.IZ\/ixz +1 ) dx using the trapezium

rule with four trapeziums.

Complete: xp=1 yo=+ (P+1) =

X1 = n=
X2 = W=
X3 = 3=
X4 = Ya=

1 2

Four trapeziums so five ordinates.
Work out the five x coordinates
between 1 and 2 - the line above may
help.

Work out the corresponding y
coordinates.

Work out h.

Use the trapezium rule to give an
estimate for the value of the integral.




For trig functions - work in radians.
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Give your answer to 2 decimal places.

181. Use the trapezium rule with 3 trapeziums to find an estimate for
the area between the curve y = sin’ x the x axis and the line x = %

A sketch of y = sin’ x will help.
b
Use V= I ydx

Four ordinates.

¥
You need to find I O/Zsin3 xdx so

estimate the integral using the trapezium
rule with y = sin’x

Work out the four x coordinates between

0 and % . Work out the corresponding y

coordinates.
Work out h.

Use the trapezium rule to give an
estimate for the value of the integral.

2
182. Using the trapezium rule with 3 ordinates find an estimate for I 1 Inx dx to 3 significant figures. Is

your answer an under-estimate or over-estimate of the actual value? (Give a reason.)

VECTORS

Vectors in three dimensions: All the work on vectors in book 2 can be extended to three dimensions.

Two dimensions.

3a+2b
b 2b
26
a

>
>

3a

Taking unit vectors in the x and y directions.

Modulus or magnitude of vector 3i + 2j

3i+2j| =43 +2* =13

Three dimensions.

z.

Modulus or magnitude of vector 3i +2j + k

3i+2j+k| =3 +2°+1 =14
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Two dimensions.

3
Alternative notation: 3i+2j  can be written (2)

Examples: Velocity vector ( 3i+4j) ms -

Speed = 3?+4% = 25=5ms™

Force vector ( 5i + 12j ) Newtons

Magnitude of force = \/5* +12° = V169 =13 N

Resultant vectors:
a=3i+2 b=i-4

2a+4b=2x(3i+2j)+4x(i—4)

=10i — 12§

Position vectors:
These are vectors that start at the origin.

(3, 5 ) has position vector 3i + 5j

Three dimensions. 3
Alternative notation: 3i + 2j+k  can be written| 2

Examples: Velocity vector (3i+4j+ 5k ) ms -

Speed = /32 +4> +5% = /50 ms™
Force vector (i + 3j + 7k) Newtons

Magnitude of force = 1> +4* + 5% = 42N

Resultant vectors:
a=3i+2—k b=i-4+2k
2a+4b=2x(3i+2j—k)+4x(i—4j+2k)
=10i—12j + 6k
Position vectors:

These are vectors that start at the origin.
(3,5, 2 ) has position vector 3i + 5j + 2k

You write vector a as a or OA and the magnitude as a, |a], OA or [OA|

Finding the distance between two points:

Find the vector between the two points and then work out the magnitude of this vector.

the two points to three significant figures.

183. Points A and B are (1,2,3)and (2,1, 1) Find the distance between

A sketch helps - just any two
points A and B and an origin O.
Vziite dow_/ri the position vector
OA and OB

B
Work out AB = AO + OB

(Remember: 40=-04 )

Work out the magnitude of AB to
give the required distance.

Finding the point dividing a line in a given ratio:

ratio 3:2 find the coordinates of P.

184. Points A and B are (1,6,3)and (6,—4,8) IfP divides AB in the

A sketch helps - just any two
points A and B and an origin O.
Write down the position vector
OA and OB.

- > >

Work out AB = AO + OB
—»

Work out AP using the ratio.

—»> >  —»
Work out OP = O4 + AP
and hence the point P.

Finding the angle between two vectors:

185. Points A, Band C are (1, 1, 3), (5, 3,4) and (2, 1, -3 ) Find the angle ACB.

A sketch helps - just any
three points A,

B, C and an origin O.
Write down the position

vector 5;4, 5§ and 5’C

—> —>
VKgrk out AB, AC and
BC.

Work out the magnitudes
of

> —» -
AB, AC and BC and use
the cosine rule to work
out the required angle.




PROOF
Proof by contradiction:
One well-known use of this method is in the proof that A2 is irrational.
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Rational numbers are those which can be written in fractions, that is as one integer divided by another. They

can be put into what is called irreducible form , which is where the numerator and denominator have no

common factors other than 1 (they are then called coprime). Irrational numbers are those which cannot be put

into such a form, such as 7 and V2.

Prove that 2 is irrational by contradiction.

Assume that the «/5 is rational. Then the \/5 can be written as = where p and g are integers, and £
q p q g q

is reduced as much as possible i.e. p and g don't share any common factors other than 1 (they are coprime).

ﬁ=£

p

Square both sides 2 =7

2g*=p? .. p?*isamultiple of 2 and so it is even.

N

If p? is even then p is also even (As evenxeven = even and oddxodd = odd) and so p can be written as 27

So 2¢°= (2n)* =4n?
Dividing by 2 gives g°>=2n 2 Which tells you that ¢ is even and therefore g is even.
If p and q are both even then they have 2 as a common factor, which contradicts the
assumption that they do not have any common factors. Thus our assumption is incorrect, and V2 is
not rational.

Prove that there are infinitely many prime numbers.

Suppose that there are a finite number of prime numbers where p, is the largest prime number.
Then it would be possible to list all of the prime numbers in order  pi, P2, P3s--ee Pan

Consider the product of all of these prime numbers P1X P2X P3X.cc..X Pu1X P
This number is divisible by all of the prime numbers.

Now, add 1 to this number: p;X paX p3X.....X pp_1X pa + 1

This number is not divisible by any of the prime numbers, because dividing it by any prime will
always results in a remainder of 1. So this number is a prime number.

However, this number is larger than p,

This contradicts the supposition that p, is the largest prime number.

Therefore, there is no largest prime number. There are infinitely many prime numbers.

186. Prove, by contradiction, that if p 2 is even then p is even.
You do this by

whose square, p°, is

you try to arrive at a
contradiction.

considering a number p

even, and assuming that
this p is not even. Then

187. Prove that the sum of a rational number and an irrational number, is irrational.
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188. Prove that for every real number x € [0, n/2], sinx + cosx > 1

Mixed questions 4

189. (i) Show that (3x +2) is a factor of 9x°+9x>—4x—4 (ii) Simplify 2 +9x ~4x—4
3x"+5x+2

2

2 2x
190. Evaluate J- 3
0 x

+1

191. (i) Show that %(tan x)=sec’ x (ii) Find j xsec? x dx

192. A spherical balloon is being inflated at a rate of 3 cm® per second. What is the rate of growth of the
radius when r =2 cm?

193. f(x)=2x>—-x*—13x—6 (a)Find f(3)
(b) Use the factor theorem to show that (2x + 1) is a factor of f(x) (c) Solve the equation f(x)=0
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194. f(x)= 879  Express f(x) in partial fractions and hence find f'(x)
1-x)°(4-x)

2 . .
195. Express 10x’ +153x 1‘3x+4 in the form ax® + bx + : i where a, b and c are integers.
x— x—

196. Differentiate 10" with respect to x

. 2 2
197. Find jm+ oy &

3 x2

198. Find the point of inflection for the curve y = {7 — % + 5 and show that it is a non-stationary point
of inflection.

199. The position vectors of three pgi»nts A, B _aEld Care 2i+j+2k, -3i—3j+k and -2i—4j+ 5k
respectively. Find the vectors BA and BC. Hence find the angle ABC.
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1

200. Use the substitution x = tan 0 to find J- g dx
+x

201. Find the gradient of the curve 3x*+ 3y?—5xy =5 at the point (1,2)

202.If x=2cost y=4sin’t find 2 in terms of ¢

203. (a) Work out j cos® x dx (b) Evaluate I:le sinx dx

204. The rate, in cm’s ™, at which a liquid is released from a container at any time t seconds is proportional
to the volume of the liquid V cm? in the container at any instant. Attimet=0,V=A
By forming and integrating a differential equation show that V=A e M where L is a positive
constant. Given V=3 A at t=8§, find the value of t, to the nearest second, when V= A

205. Prove, by contradiction, that for all values of x>0, x + % >2
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206. Express 3= in the form 4+ B
2+x 2+x
4 . . . ) 4
207. (a) Evaluate .[1 Jx dx (b) Use the trapezium rule with three ordinates to estimate j 1 Jx dx

4
(c) Calculate the percentage error in using the trapezium rule with three ordinates to evaluate L Jx dx

208. A Sketch of the curve with parametric equations x=1¢>, y=¢> for ¢ > 0 is shown below.
(a) Find the equation of the tangent where ¢ = 2.
(b) Find the region bound by the curve, the x axis and the tangent.
(c) Find where the line 3y =2x + 1 meets the curve.

209. Show that x°+x—3 =0 has aroot in the interval [ 1, 2]. The iterative formula x,,, =3/3—x,
converges on this root. Use the iterative formula with x; =1 to find this root to 3 significant figures.




50

__4-* _ inpartial fractions. Hence write ___4=%
2+x)(1-x) 2+x)(1-x)

of x up to the term in x°, stating the range of values of x for which the expansion is valid.

210. Express as a series in ascending powers

211. Find the particular solution in the form y = f(x) of the differential equation % = ysin2x

given that y=15 when x =

NGRS

212. ForA(1,3,-1)and B(2,4,2). Find (i) A_]§ (i1) the angle OAB, where O is the origin.

213. By drawing two graphs show that the equation e — 1 =0 has only one root and verify that this lies

between 0.5 and 0.6 Find this root to three decimal places using the Newton-Raphson method with
an initial approximation of 0.6
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Answers
Page3 45x A4 4 B Pagel0
L. 11 x+l P xl+x  2x+l (2x—1)(x—1) 2x-17 x-1 24, 2x + B
X+l ) | xxdD) aetDd  dct)) 4-5x=Ax—-1)+B@2x-1) D Tt
2 , o . x=1 -1=B ZxEA(x—2)+B(2x+1)
- = - = = — = = = =4,
xtD) | (tD(+2) | x@+DG+2)  x(x+D(x+2) %o 32=-%A = A=-3 x=2 : 4 5B ? B=7; ,
_ x+2-3x o —2x+2 —4__5"—5__3__L x=—"% L A = A=7s
T xxr1)x+2) *(x+1)x+2) @2x-D(x-1) 2x-1 x-1 fx) = 2x 244
. Page8 @riD(x-2) — 3@x+D) T 5(x-2)
2,3 1 _ 20 3xe2), Ge2f | 18 Typell  =Us@ey s @)
x+27°  x+2 x  x(x+2°  x(x+2f x(x+ 2y __AG-D’  BG+dG-D  Ca+d) £'0) = 2(-D2x+1D)?Q) + L (-D(x-2)7
_ 22432 +6xexirdxed _ 627 +10x+4 G- | GNP D o _ 4 __ 4
x(x+2) x(x+2f | AG-D? 4 BGHE-D+Ctd) 5(2Jf+1)32 5()6—22)2
4, 5 24, 5 _ 20845 _ 2x-3 (e +3)x-1? 25.(a) f(-2)=2(;? —23(—2 —611(—2)+ 6
=4 x-4 x4 (-h) -4 So 2x= A@-1)2+B(x+3)(x— 1)+ Cx +3 = 167124225620
Paged This is true(for all x G e (b) (%) =2(%5)° = 3(%4)* ~ 11(2) + 6

5. f(x)=x°-11x-6 f(-3)=-27+33-6=0
o (x+3)isafactor of x> — 11x -6
6. (1) —a(-1)+6=0 = —-1+a+6=0
a=-5
7. 2(-2)°+a(-2)>+b(-2)-2= 0
4a-2b=18
2(-1/2)% + a(-1/2)* + b(-1/2) -2= 0
a-2b=9
3a=9 = a=3, b=-3
8. f(x)=4x>+4x*—x—1
f(l)——4+4+1—1—0 (x+l)isafactor
43+ Ax? —x—1=(x+ 1)(4x*-1)
=+ @x+1)2x—1)
Page5
9. 4x*+3=Ax(2x+ 1) +B2x+1)+C
x=-% 4=C

x=0 3=B+4 = B=-1
x=1 7=3A-3+4 = 6=3A = A=2
+3
42xx+1 =2x-l+575
10. 2x-3=A(x+2)+B
x=-2 -7=B
x=0 -3=2A-7 4=2A = A=2
2x3 9T
x+2 x+2
Page6

11, 2x2+2=A0+ 1)(x—3)+B(x—3)+Cx + 1)

x=-1, 4=-4B = B=-1

x=3, 20=4C = C=5

x=0,2=-3A +3+5= -6=-3A =>A=2
2x242 52—-—+ 5

ix+1ix—3i x+1

12. (a) f(1)=3+5——4—4—0
(b) f(-2/3) =3(-8/27) + 5(4/9) - 4(-2/3)-4=0
= (3x +2) is a factor
© fX)=x-1)Bx+2)(x+2)
Fraction = GG 4
-1 1-1¢ 1

1
B@ T

@)M: M:z,c

(2x43)(4x*-9)
(2x+3)(2x+3)

_ 2x3)(2x43)(2x-3) _ o
(2x+3)(2x+3) 2x-3

14. (2x+3)(2x(2x-1)+(2x-9)) _
(2x+3)(2x+3)

Page?
15. Typel

_ 4x-2) Blx+1) _ A(x-2)+B(x+1)
T D=2 +DGE-2)  (x+D(x-2)
So 2x —3 = A(x — 2) + B(x + 1) This is true for all x
x=2 1=3B = B=1/3
x=-1 -5=3A = A=5/3
2%-3 _ 5 1
3(x+1) 3(x-2)

x+DE-2)
16.
2x+1 =4 B — A(x+4)+B(x-2)

G-2)x+4) = x-2 ' x+4 = (x-2)(x+4)
So2x+1=A(x+4)+B(x-2)

x=2 5=6A = A=5/6

x=-4 —7——6B = B=7/6
2x+1 + 7

(x- 2)(x+j 6(x—2) 6(x+4)

x=1 2=4C = C=%
x=-3 —6=16A = A=-6/16=-3/8
x=0 =-3/84B(-3)+3/2 = B=3/8
2x -3 3 1
= + +
®+3)E-1)?  8x+3)  8x-1)  2Ax-1Y
x+1 —_4 B C
D (x-D(x+2)> T (x-D) * (x+2) * (x+2)?

_ AQx+2)*+B(x-1)(x+2)+C(x-1)

B (x-1)(x+2)°
x+1=A(x+2)* +B(x-1)(x+2)+C(x-1)
2=94 = A=1%
x=-2 -1=-3C = C=1
x=0 1=%+-2B+-1 = B=-%

x=1

x4l =2 2 . 1
(x=Dx+2)2 ~ 91D 9(x+2) T 3(x+2)?
3 | B C
20. =4 +24+ 5
x2(x+3)  x+3 0 x  x?

3=Ax? + B(x +3)x+ C(x+3)
x=0 3=3C = C=1
x=-33=94 = A=1
x=1 3=1+4B+4 > B=—%

-3 =_1 141
P(x43)  3(x+3)  3x 7 42
Page9
— __A__+ B
(x—3)(2x+l) 2x+1
4x=AQ2x+1)+B(x-3)
x=3,12=TA=>A=2

x=-1,-2=-1B=B=4

4x =_12 , 4
(x=3)2x+1) — 7(x-3)  T(2x+l)
22.
x*+2 — x*+2 A4 B C

(x+2)(x2-1) ~ (x+2)(x+1)(x-1) = %2 2T x+1 + x-1
4x = Ax+D(x -1 +B(x+2)(x-1) + C(x + 2)(x + 1)

x=1 3=6C = c=

1
2
x=-13=-2B = B=-—

N W

x=-26=34 = A=2

xX*+2 _ 2 3 41
(21 w42 20 | 2(e-D)
23 ix+2ﬂx+li xf2+i1-
x=Ax+1)+B(x+2)
x=-1 -1=B
x=-2 2=-A = A=2

2

x =2 _ 1
+2)(x+1) x+2 x+1

=22+n -(1+n =227+ F) -+

2 3
=1-F+ H -l hx—xtHx -
-1, 32,73
2 T TR

Valid for—1<*;<land -1<-x<1
ie. validfor -1 <x<1

=1/4-3/4—22/4+24/4=0
~. (2x—1) is a factor of f(x)
©) )= +2)(2x - 1)(x—3)
26. Let f(x)=3x>+4x>-3x—4
f(1)=3+4-3-4=0
fx) = (x - 1)(3x%+ Tx +4)
=x-D)Bx+4dH@E+1)=0
x=1,-lor—*;
27. 9%?+1=AxBx-1)+B@Bx-1)+C
x=1/3 2=C
x=0 1=-B+2 = B=1
x=1 10=2A+2+2=6=2A = A=3
3
Tty
28. (a) Let f(x)=3x>-2x>-3x+2
f-1)=3(1)>-2(-1)2-3(-1) +2
=-3-2+3+2=0
(b) f(x) = (x + 1)(3x* - 5x+2)
=x+1)Bx-2)(x-1)

(+DBx-2)(x-1) _ (x+D)(x-1) -1

(Gx—2)(2x+0) (ETS B CET5Y)
Pagell
29 3249-0-20) _ _ S5+5 5(1+%)
1-29Q+x) (1 MW2+x)  (1-20Q2+x)
2-3 C
30. (1-2x)(1—;)(2+x) 1—2x +T§?+m

2-3x = A(l-x)2+x) + B1—20)Q + %) + C1 - 2x)(L - %)

x=1

1 1_5 2
x=7 2=34 = A4=%
2-3 = 2 1 8
(1-2x)(1—xx)(2+x) = 5(1-2x) + 3(1-x) + 15(2+x)
= A B C
3@ x(x +1)2 =3tem ) T e)?
A(x+1! +Bx(x+1)+Cx
x(x+)?
5= A(x+1)" + Bx(x+1)+Cx
x=0 5=4

x=-1 5=-C = C=-5

x=1 5=20+2B-5 = B=-

T =3 TG Gt
f(x)=5x 1= 5(xt+ 1) = 5(x+ 1)
M) f'x)=-5x72+5(x+1)2+10(x+1)7
— 5 5 10
et )2 e
32, f)=@x+ 1) +2x-1)"
=1+@) 7 +2) 7T A+ 07
=1+EDEn + 82 (2x)° +

ENEAE (9 x)3 +....—2 [1+ (1)) +

G2 (—x)* + LD (xy* + . ]
= —1-4x+2x?-10x>+....
Validfor—1<2x<land -1<-x<l1

ie. Validfor -1 <%,<1
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Pagel2 Pagel5 Pagel8
: . 3 2
33.Find dV given 4X _ 50. 2x—6y L =4 61. Equation of cubic y=ax"+bx*+cx+d
dr dt 03 s dx Curve passes through origin .. d=0
=53 _ & dy _ _2x
V=x zji_z= 3y = (4+6y) & d+6y =3ax?+2bx+c
dav_ dv dx ., & _ 16 _ 4 4?2 42
ar " s a0 wEHaT w7 “F=6art2b Atx=2, ~5=0
= — 4
¥=33 ‘Z—V=3x35><3.5><0.3=11.025 y"4_7("_8) 2 12a+2b =0 =6a+b =0 (i)
34, Wamdr  dA_ 5 dy7y 28:4’; 324 , 7y=4’2‘_4 2 atorigin=-7 n.c=-7
dt dt YD = Y == . .
s Sl 2y 5o =4 & 2y 3y idardl Equation of cubic y=ax> + bx? - 7x
A=nr W=2m & & Passes through (2, - 30)
b dr i " 0 52. 2x+2yE+4+6E =0 o =30=8a+4b - 14 = 2a +b=-4 (i)
T ad a2 =y b 4 Solving (i) and (if)
2 & 2y+6 4a=4 . a=1,b=-6
10000 = 772 7 =56.418958 .. o . Equation of eubic y ~ x° - 67— 7x
dr_ 10 _ 056 AlL-D) ==y 2
dr 177 245 .. : 62. Volume of water V= L nr’h
rate of decrease 0.056 cm s\ y--1=-3 (x— D y+2=-3x+3 Two variables 7 and / - need ‘;—Z
=+ =
35 Want &-when r =4 &=3 Zydy 3x 31 . tana = 5/20 =1/4 = r/h
_4.3  av _ 2 o 2 ds _ 53, XL =-4°*m4x3 =3x4>*1n4 r="h/4
V=4nr L=4nr" S=4nr" 2 =8ur . ?6 ’ V—lﬂ:hzh "
dV _ dV .y dr dr. ragelo A 3 e
a = ‘a > But do not know 54. (2) 2"In2 (b) 3**!In3x2 i
b=xg=i3=g; 2 o
“ 3 . B (©) 5* In5x2x  (d)—6*In6 G dhx dr = 16 x02=122
4 =4 Xm=7’, r=4,4=6cm’s 55.()t=0 5=A -.n=5x2" vt
Pagel3 t— 10 n=5x2'"=5120 h=10, 7— 100"=001 cm/min to 2 dec. pl.
36. ..
‘;—:’ocn Z—’::kn ) 4=5x2'n2 B.@1 OZL (©xn° @3y*L
- Z,—vx v ‘;—v=— kv t= 10, f’;’ =5 x2'"In2 = 3549 bacteria per min () 15xy 2+ 5y () 3x° L+ 92’y
t t
—6k 64. (a) — 6sin 3. —6sin 3y & 6e*
dx dx ¥ . 1 =2
e —6k=1n0.8 k=0.03719 @65  ©@253% =3 %
(e Sy dy _ —0.03719t
40. —F=-e7x2 m=mp e 5. 2x+ 4y =
dr s t=10  m=0.689m, 65 2x 4y =0
Pagel4d m=0.5my 0.5=¢%* %: _i_x:_ZL At (5,2) _%: _%
d(5xy3) 2 dy 3 2 dy 3 —0.03719t=m0.5 i i
4l === Sy oty =15t +5y t=18.6 years (to3s.f) Equation of tangent 22 =_3
P d(3cosy)__3sin & 37 (a)t;PO’P=26500 4y—-8=—5x+25
' o s (b) 7=26500>< 1.04'In1.04 4y +5x=33
; Pagel9
43, dsin2y) _ 2xcos2y & + sin2y 58. Value, V = £8000 x 0.8" %g;_ 2 X 3 Al
After 5 years, V = £8000 x 0.8 A 2x3=3In2x2
4g AC7 @) o o b =£2621.44 67.10x - Bx-L+y3)—6x2y L =0
= xsec’y o + 2xtany Pagel? d;bc . e
2 10x-3x2 -3y - 12y 2 =0
g5, A0DY) LB o4y, 9. Losiemo1, Log+s T
dr y & dx 3y 3 dy
. . 10x -3y =3x2 +12y &
de?) d0%) 405) For point of infl. 6x+6=0 .. x=-1 dx dx
46. S loox D2 logyd S &y & _ 10x-3y
dx dx dx x=—ly=—1+3+1-4=-1— =—4ie#0 & 3xtl2y
2x+2y 3{' =0 a’y 68.(a) A=6 -
& ) Just before x =— 1 say x =—2 ?=—6i.e. —ve (b) 24 =6¢
R . In4=2k = k=l
d
47. 42 g4y 409) x &4y a0 _ & 40 _, Just after x=—1sayx=0 —y—61e +ve (c) N=6¢e ™=6 (") =6x4°=24576
: & dx dx dx dx gy dx’? (d) %—N=6% tx1nd/2 _ 31n4eSIn4
2 . dy it
4x+x% +y- % -0 Pl changes sign —= #0 =266 to 3 sig.fig.
. . . . . . (e) Does not allow for any deaths.
. & b -y . (-1, ~1) is a non-stationary point of inflection. There might not be enough food to
dv  dx 60. % —xet et support higher numbers of rodents.
dy a2
& G-D=—d-y d’y 69. %=3x2+18x+15, L o6x+18
@ —5 =xe'+e’ te=xe"+2e" dx
Y _Axmy  Axty o i Lo For point of infl. 6x+18=0 - x=-3
de  x-1 1-x For point of infl. xe(+2e2)=(()) x=-3,y=-27+81-45-4=5
& _ 2y dy Loy e (x+2)=
48. a Y T 2z Lox==2 e” cannot equal 0 ﬂ =27-54+15=-12 ie. £0
dy 2.7 W~
== —x%e’ = =e"2x - - -2 ﬂ=_ -2 -2 d2
“ @ ¥=-2y=-2et. g Zette Just before x =~3 sayx =—4 —;}=—6le -ve
L (1-x?e)=2xe” =% ie#0 dx
2 2
& _ _2xe” Justbeforex=—2sayx=-3 —> =—¢ ’ie —ve | Justafterx=-3sayx=-2 —5-=6ic tve
@ ox2e? e’
T a2 d? ) dy
49. x , Y , I:;y L Just after x =— 2 say x = I—JxTy-e ie. +ve e changes sign  —- #0
xRy L @
* Vo y d a2y & ~.(—3,5) is a non-stationary point of
1 _1d L & ? changes sign i #0 inflection.
2 v 2k,
1 (=2, ——2 ) is a non-stationary point of
dy _ x2 — —}’2
&L, 1 O inflection.
yo,2
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Page20 2
70.86x=0.2 90. 5 In|5-2x|=-2In|5-2x| 111. u=sinx du=cosxdx
x=1 y=3 yox=0.6 "y = i
x=12 y=3.4224 yox = 0.684489 91. J.ex_‘/;dx=‘|.ex~x%dx -[e du=e"+c=e"% ¢
x=}~‘61 y=4.‘2‘5420 yox = 0.850841 s s Page26
x=1.6 y=5486625 yox=1.097325 2 7 112.u=sinx du=
 x=18 y=7.140642 yéx=1428128 =ex'xT=ex‘2’§2 te 3 o cos
Estimated area under graph = 4.7 sq units to 1 d.pl. 4 ! I “ du="T+c=%sin4x te
Note: A better estimate can be made by using 92. J. _1+3x'2¢¢=iln|)c]+——-x“1+e
more bars with smaller width. ’ 2 113"‘:1;0575 du=—sinxdx —du=sinxdx
2. 2, .3 - 2 -4 _3 x=m/2 u=0 x=0 u=1
(C)Lx +x +1dx=[{_;+x7:‘+x]l 5ln|x| STt J.O . [ us}o 1
1 —utdu=|-2| =0--1=1
jg—;/52+4+2)—(—1+%+1) 93 IlZe"+2dx=[2ex+2xL 1 S 1 55
- o 114. 1n|x2 + 4|+ c
71. J' 1/2 o =(2e+2)-(2-2)=2e-2+4 .
43 -5 dx=5+3--5x+c e et 115. the top is the differential of the bottom
) s o4 2, , ]Z , Injl —cosx|+c
=% 42x"? —5x+¢ -L;;h=[7mx =3m2-3mi=3m2 116. 1 3x? 1
72‘.[2)5—2 3x_3dx 4 g ) 1 3_I x3+4dx = 3_111|x3+4|+c
- — X X — 2 x 2
1 5 tcC 95.A—Lx te dxz[_f_.'.ex]l =(§+ez)-—(%+e) 117.
__2,..3 == 3
=—2+3+c =1+e’ —e="7.00 square units to 3 s.f. ‘[x %" Ix e Emlx2+ll+c
7. (5x-2)° +eo= (5x-2)° Page24 118. 1 2x+1
5x5 5 tTC 96. _ﬂﬁ_x+c E’I x,+2dx = 2—1!1 |x2+2x|+c
2(2x+1)° _@x+)? . 119. 2 3x2
74— tC=—F%—tcC 97. 28m6x 4= Lsin6r+c = == = 2n |Jc3 + 1|+
6 3 39 X741 3 ¢
Page21 98. —cos(x—Z)+c Page27
3 2(2x+ 4 . _
75 12(2x+l) dx = ¢ ;:2) +c g9, 3sin(z=2x) 3 . 120 w=x Feal %:e Fy=—e
- 5 +c=—-2-sm(7r—2x)+c j- - g J.
- __1 xe =—xe "+|e" dx
2(2x+1)2 +c 100. [i%? = _%_ -1 = 1 = —xeF—eF +
2 = - C
76. J' 2(3x—1)2dy = 282D
2(3x-1)"dx 3% (<3 +c 3sin(2x+ ) A 121. u=x+1 %:1 %=ex v=e*
2 o3
“Ter-p TC o 2 _(_7)_(%%)=_% x
Page22 7% I (e dx=(x+1)ex_,|. o
77 2 —3x—18=9—x2 102. 2 tanx+c o x o« p
2x%-3x-27=0 103. -;—tan3x+c =xe +e —e +tc=xe +c
(2x_9)(x+3)=0 122, u=2x ¥ -2 4 _(s3 1.:
= =Lsin3
Intersect at x =—3 or 9/2 104. Ismzxdx=ljl—cos2xdx “ & S b
2 IZxcos3x dngxsin?ax—— J%Sin.’)xdx
~1.,_1sin2x _ .
Area= I9/29—x2 -3y -18)dx sx-5iE+e —Exsm3x+2°°§3x+0=32-xsm3x+%cos3x+c
;32 =%X—%Sin2x+c 123. u=Inx E—:% %:1 v=x
=[ -2x*+3x+27dx .['n W 1
sinx o __ [ =si X =xlnx-— I L x dx
= [—27’53+i+27x]9/2 105. Icosxdx__j ;‘::dx=—ln|cosx|+c *
2 -3
_ =xlhx- |1 = _
=[] - 219+ 2-381] (Speo+ Jracmsme-sre
= 7291 99 = 1125 = 140.625 sq. units. 106‘,[se°2xdx=tanx+c 124. u=s® G=dx Gr=sinx v=-cosx
78. MEI stu ;
J‘ . s de;lts L 107.4 cos 2x ;Zcozs;x—l Ixzsmx dr=x% cosx+ J.Zxcos)c dx
_ &= [L_ ] cos“x=2cos2x +2
YTy Y 2 712 ) /2 u=2x -3 M _iosx y=sinx
_[27 27] [0] i . -[0 2 cos 2x+2dx=[2%+ 2x](’: “ &
= |3 —4|—|0] = 4.5 5q. units. Ixz in x dx =—x” i i
Page23 - =(0+m)-(0+0)=n sin x x“ cosx+ 2xsmx—.[2smx¢bc]
79. =3¢* 1ageso 2 .
J‘3e"dx 3e*+c 108. 00§4e=200s229_1 . x“ cosx+2xsin x+2cosx+c
_ cos“20=" Y agesS
80. Iz_lxdx %ln|x|+c o’ /200S4ﬁ+/z 125. yx? %=2x dv_px
4 oe2 4 dx N
5 B JJI cos 20d0=r Leosad+-Ld
8l Iﬁdx = Slnjx| +c o p 78402 % Ixzexd"“xzex ~ [2xe* dx
. z = du__
82. I%exdx ='13_e"+c =[%sm440‘+%9]6‘ u=2x dx B _ X =¥
_ =p+Z}-fo+0]=Z fx*e¥dr = x?e* ‘{erx‘ Zexdx}
. [seiar = [dx = Shofx| +c brgHlo-ol-g v
2 2 109. & =2x . du=2x dx x?e¥ —2xe¥ +2e¥ +c
84. I —= =5y_ = 126. du _ g
S5—pdx =Sx—ghplte J.x(x2+5)5dx = LIuSdu " i sin2y v=—Sgie
2 %
2
85. I5(ex+3)dx=-|‘5ex+15dx=5ex+15x+c =11 56,, J: 2xsin2xdx=—xc032x_'|._coszx dx
26
86. [(1=1Vdr=[1-2+1ax= o _ 1
j( ) _[1 2+ tde=x -2+ 5 —E(x2+5)6+c [xcos2x+sm2"]/ ( 2( 1)+0- (0)) z
=x—21n[x|—§+c 110-%‘:_=2x oodu= 2x dx ’
87. 3In|x+2| 2 1
88. 3 1In|2x+3| Jrexia = TI e du
3 1 2
89. SIn|Sx+3]| 'Z—eu +c=;—ex +c
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127. u=10x 4=

128. u=e* %—e %:smx V=—cosx
Iex sin xdx =—e” cosx+ J‘e)r cosxdx
u=e* %=ex %=cosx v=sinx
Iex sin x dx=—e* cosx+(e" sinx—J‘e’c sinxdx)

ZIex sin xdx = —e* cos x+ " sinx

J.exsinxdx=—%e’°cosx+%exsinx+c
Page29
2x _ 4 . B
To(x+2)(x-3)  x+2  x-3
2x=A(x-3) + B(x + 2)
x=-2 -—4=-54 :A:%
x=3 6=5B = B:%
2z o4, _6
(x+2)(x-3)  35(x+2) @ 35(x-3)

2 _ 4 6
J. Gy & ‘J. G TS &

=%]n|x+2|+%lnlx—3'+lnA=lnA(x+2)%(x—3)%
-5 __ 4 B c
. (x+2)(x_1)2 (x+2)  (x-D (x—l)2
2x—5= A(x—1)? + B(x+ 2)(x— 1)+ C(x +2)
-3=3C =»> C=-
x=-2 -3=94 = A=-1
x=0 -5=-1-2B-2 = B=1

-5 _ -l 11
(4217 (x+2) T (x-1) (x—l)z

x=1

— 1
.[ (x+2) (x DT dx

@-n*
-1

J‘ 2x-5

(x+2)(x—1)2
=—In|x+2|+Inlx—1|-
=t} +L+e

6x3/3+2x2/2 x+c=2x3+x2—x+c
5¢%/2 + ¢

224 +c or %1n|x[+c

+c

131.
132.

133.
134. %ln|3x—2|+c
Page30

135. ““" |

+c——21n|1 x|+c

(2x+1)5
3

2

136.

+tc= (2";1)5 +

(1—X)

3(1—):)3 te
138. [5(1-2x) dx = 55y +c

_ 5
- 2i1—2xi +c
du=2xdx d7“=xdx

137. Iz(l —x)tdx =

139. u=x?-2

bdu 145 _L(2_)5
Iu 2—25+c—10x 2] +c

140. u=2+e* du=e’dx

142, u=Inx du=')l7dx x=1u=lnl=0
x=2u=In2
n2 5 In2
Iu du=[—”—2—] =£1n_22£
0 0
143. u=x ——1 —fix-—=cosx v=sinx

.[xcosxdx =xsinx — J-sinx dx

=x8inXx——COSX+ ¢ =xsinx+cosx+c

144, 52243 _ A4 B . _C
(e-1)x+1)* 21 2+ (ep1)?
5x2+3=A(+1)2+B+ 1)(x— 1) +Cx - 1)
x=1 8=4A = A=2
x=-1 8=-2C = C=-4
x=0 3=24+-B+4 = B=3
so _5x*43 _ 2 .3 4
(2~ 1)(,7c+1)2 =1 xtl (py)?
5x2+3 _ |2 3 4
— +- dx
x—l )c+1)2 I x-1 x+l )c+1)2
=2In(x—-1)+3n(x+1)- %+c
=2In(x—1)+3ln(x+ 1)+ m+c
Page31
145. u=x*+3 du=3x?dx

x=1 u=4 and x=2 u=11

2, 11
[
1 x°+3 4% 44

=%[lnu]}4l =L(n11-1n4)
~

146. x=1 y=
x=2y=

Lzlogxdxz%[0+2><10g1.5+10g2]

logl=0 x=1.5 y=logl.5
log2

~Lllog2 =
~4log2=0.163t0 3 5.f.

Under-estimate because the trapeziums are

below the curve y = logiox
3x-5
147 [*x syt =[os | -
148. »
Intersections with x axis:
x3-x)=0
x=0or3
x=3)(x-2)=0
x=2o0r3

Intersection of curves
x2-5x+6=3x—x?
2x2-8x+6=0
(2x-2)(x-3)=0 = x=1lor3
3 2 2 3 2
A=L3x—x —(x —5x+6)dx=Il—2x +8x— 6)dx

=[_2Tx’+4x2_6x]13=0_—_=§sq.units.
Page32
149. H@: I 2xdx
]ny=x2+c
yzex2+c=ex2ec=Aex2
150. jdy=jzx2+5¢c
y=%x3+5x+c
10=18+15+¢c = ¢=-23
y=2x+5x-23
Lay=|L
151. J‘;aiv_ L
Iny=lnx+In4 = Iny=Indx
y=dx

Page33
152. Area, A=s? %;A' =2s
U oo s 4 =ks
ds — dsydd _ 1 .o _
@ T A a T xk=
A _
153. o =—kx
J‘ldx =| -k a
X
Inx =—kt+c
x =e—kt+c_e— kt e®
x =Ae
dr _
154. dr kr
1 _
[Lar =[k at
Inr = kt+c
r ___ekr+c=ektec
r=Ae"
Page34
155. 40 =— k6
dt
Lo |
Iodx _I k dt
n@=—kt+c
eze—kﬁc =e—ktec
f=Ae"
t=0,0=100 .. 100=A
6 =100 ¢~**
t=30,0=50 50 =100 ¢30%
0.5 = ¢30k
1n05——30k
<9 =100 e 08¢
dP _
156. 7_kp
daP _
[ = [ ket
InP=kt+c
P=¢kt'=¢tekt=Ack
t=0 P=50000 .. A=50000
P=50000¢kt
t=150 10000 = 50000 ¢*°*
9 = g0k
In2=50k k=

k=1n0.5+(-30)=0.023

0.01386

t=70 P=50000 ¢’ =13195]

In year 2100

200000 = 50000 ¢ 013
t=1n4/0.01386 =100 i.e.
157, o _jy
[ = [~k
X
Inx=-kt+c
x=e_kt+°=ece‘kt=Ae~kt
t=0 x=100 . A=100
x=1006—kt
t=20 x=60 60=100¢ 20k
0.6 =¢ 20k
In0.6 =-20 k

x =100 ¢ ~ 002554t

k=0.02554

() t=40 P=100e "% =3¢
(i) 30 =100 ¢ ~*0%%4¢

t=1In 0.3/(- 0.02554) = 47.1 minutes
Page35
158. t=y/5  x=2p%25 2y®=25x
159.x=4/y xy=4

2
160. (§2]+(§) =1 a24y?=9
161.Inx=t y=cos (Inx)
Page36
o3 b By 1_4

162.(a) =3 =4t F=dixt=31
& _ d_y_ 2 2,1
(b) dt—2t =6t dx_ét x2t-3z
(c) =~ 2sint — —3cost dy=3cost ﬁ:—icott
(@%:— -2 %:M %:Mx L~ 44
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dv_y B2 3 Y _ 32 gyl 32
164, Lo1 237 -3 Z=(? -xq=3"-3

0=312 -3=3(2 1) =3¢+t -1)
t=-lorl

2
L2 —6rxd=6t
dx

d2y .
t=—1 —==-6ie —ve..maximum at (-1,2)
dxz

a'2y ..
t=1 —= 6 ie. +ve..minimum at (1,-2)
dx

2
165. (£)2+(l) =1 or 25x*+4y* =100

2 5
Page37
_ _ssng D _
166. —— 5sin@ do—Scos&’
b _ 1 _ _cosd
@ =508 0 X 5 F = “ing
gradient of normal = S“‘Z =tan @

at@ = % gradient is tan % = \/_

andx=%,y=5-§
y—Slz_3—=w/§(x—%)
y=3x

Cartesian equation x?+y”=25

dx _ .
167.70-——4sm0

T,

0 0
A=j 2sin0x(—4sin0)d0=j —8sin2 6 d6
7 4

=.[400526—4 d6 =[2sin20 - 46 =2z
2

Page38
168. —=52+20V(2)¢+1.8=0

t>0so0¢=5.71979
x=(5c0s 45°) x 5.71979 =202 mto 1 d.pl.
169. (a) Hor: velocity=(—7-8)/5=—3ms™"
Vert: velocity = (13-3)/5=2ms™!
(b) x=8-3t, y=3+2t
170. f(x) =x* — 12:* + 48x — 61
£0)=— 61
f(1)=1-12+48-61=-24
f(2)=8-48+96—-61=-5
f3) =27 108 + 144 — 61 =2

Change of sign .. root lies between x =2 and x =3
Page39
171. () =x*+ x> —4x> -5
f(-2.7)=-0.70
f(—2.8)=3.15
Change of sign
.. root lies between x =— 2.7 and x =—2.8.
172. P43 -T=2x+2

P+372-2x-9=0
f)=x+3x"-2x-9

f(1.6)=-0.424
f(1.7)=1.183
Change of sign .. point of intersection lies

between x=1.6andx=1.7
173. (i) e*=5-x
Ine*=In(5-x)
xlne=mnG-x) Ine=1
x=In(5-x)
(i) x1=1
x=mI(-1)=1.386
=In(5-1.386....)=1.285
xs=In(5-1.285...)=1312
(iii) fx)=e*+x-5

£(1.305) =—0.00731  f(1.315)=0.03975

Change of sign - therefore a root is 1.31 to 2 d.p.

Page40
174. x,=2, Xx,=2.333333,
x3=2.290249, x4 =2.289429

3x%=4x3 +2x* (multiplying throughout by 2x°)
x*-12=0
175.(a) converges - cobweb  (b) diverges - cobweb
(c) converges - staircase (d) diverges - staircase
(i) g'(x) negative - cobweb
g'(x) positive - staircase
(ii))—1<g'(x)<1 converges
otherwise does not converge.
Page41
176. ¥,

x = 0.7 to one decimal place
177. One point of
intersection so one root.
fx)=e*+x-3
f'x)=e*+1
x,=0.821392..
x3=0.792355.. x
x4=0.792059.. l
x5=0.792059..
(0.7915) =-0.002.. £(0.7925)=0.001..
Change of sign. .. x=0.792 to 3 decimal places.
Page42
178.f(-3)=12 f(-4)=-16 Change of sign.
- Rootbetweenx =—3 and x =—4
x1=—4, x,=-3.58974359, x3=-3.52397306
Xx4=-13.522334399, x,=-3.5223333
f(~3.5215)=0.02.. f(—3.5225)=-0.0047..
Change of sign. .. x =— 3.522 to 3 decimal places.
179. £(0.5) = 0.0403 £(0.6) =—0.2376
Change of sign.
. Root between x = 0.5 and x = 0.6
x1=0.5, x,=0.51502..., x3=0.514933...,
x4=0.514933
(0.5145)=0.001..

£(0.5155) =—0.0015..

Change of sign. .. x=0.515 to 3 decimal places.
180. x= 1 yo= Jaz.y =14142
X1 = 125 n= 16008
x= 15 y>=1.8028
x3= 175 y3=2.0156
x= 2 y4=12.2361 h= %
Iz (241 ax
1

=1 (1.4142+3.2016+3.6056+4.0312+2.2361)
8
=~ 1.8111 = 1.81 to two dec.plL.

Paged3
181. xo= 0 =0
x1= w6 =0.125
x2= /3 2= 0.649519
X3 = 1I:/2 = 1
A= j sin® x dx

=n/12(0+ 1 +2 % 0.125 +2 x 0.649519 )
= 0.67 Sq. units to 2 d.pl.

182.x=1 y=In1=0
x=15 y=1Inl5
x=2 y=In2

["lnxde~ 2200+ 2xIn15+2]=41n3=0376
1
Under-estimate — the trapezia are below the curve.
Pagedd
183. é’B =i—j-2k Distance= N1 +1+4)=16
184. AB = 5i— 10+ 5k AP =3/5(5i - 10j + 5k)
=3i—6j+3k
OP =i+ 6j+3k+3i— 6+ 3k=4i+ 6k
Coordmates of P (i‘O 6)

185. AB = 4i+2j+k, AC—: 6k, BC =—3i-2j—Tk

AB =121 =437 BC=162
37+62 21
le ACB)= 2 2=~2°  =(.814269
cos (angle ACB) = = 776

Angle ACB =35.5
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186. Assume p is not even.
P’ is even(Given). If p is not even, it is odd,
and therefore of the form 2n+1, wheren is a
whole number. Then p —(2n+1 )= dn’+4n+1

=2(2n’ + 2n) +1

So 4n’+4n is clearly even, so 4n’+4n+1 is
odd. This means p’ is odd and have a
contradiction. Therefore the assumption that
p is not even must be wrong, i.e. p is even.

187. Assume that the sum of a rational number
and an irrational number is rational. The first
rational number can be expressed as p/q
where p and q are coprime integers. Let the
irrational number be a Their sum can be
expressed as r/s where r and s are coprime
integers. Then,

ya _r

g T97 s
r P
a=7y3 g
qr-ps
-

qr—ps is an integer, and so is gs Therefore, a
is a rational number. However, a was defined
to be irrational. This is a contradiction.
Hence, the sum of a rational number and an
irrational number is irrational.
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188. Since x €[0, n/2], neither sinx nor cos x is
negative
Assume sinx+cosx < 1
So (sinx+cosx)’ < 12, which gives
sin’x+2sinxcosx+cos’x < I?
As sin’x+cos’x = 1, this becomes
1+2sinxcosx < 1,
Subtracting 1 from both sides gives
2sinxcosx<0. But this contradicts the fact that
neither sinx nor cosx is negative.
So sinx+cosx > 1
189. (i) x=-2/3
—9x8/27+9 % 4/9+4 x2/3-4
=—-8/3+4+8/3-4=0
s (3x+2) is a factor
(i ) (Bx+2)(3x=2)(x+1) _ 3x—2

(3x+2)(x+1)
2 < 3
190. 2 x3+1 B 2 nxP+1]
191.
_d |sinx €08 XXC08 X—8in XX (—sin x)
(1) (tanx) (cosx) ___coszx 2
2 2
_ cos X+sin X _ 12 =se02x
cos” x cos” x
([u=x %’;—:1 %=se02x v =tanx

Ixseczx dx=xtanx—J‘ta.nxdx

=xtanx—jM dx =xtanx+‘[_sm"
COosx COoSX

=xtanx + Injcos x| +¢

192. V=%n ”g’—=4nr2
dar _ 4V
da — dr =3 x 4,,,

r=2, dr - 3 x 41!:4

=0.06cms™ to2d.pl
193. (a) f(3)=2(27)-5(9)-13(3)-6
=54-9-39-6=0
(x —3) is a factor of f(x)
) f(-"5) =-2(1) = (1) = /2~ 6=0
(2x + 1) is a factor of f(x)
(©) @x+1)(x-3)(x+2)=0
x=-2,-"or3
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194 g5y 4 B c

(l—x)2(4—x)—(l—x)+(1—x)z +(4—x)
8—5x=A(1—x)(4—x)+B@A—x)+C(1-x)
x=1 3=3B = B=1
x=4 -12=9C = C=-%
x=0 8=44+4-5 = 4=%

fe)= 4 1 4

P
1—9'G— M- (-2 G-
F@=41-0"+(1-%7 -4@d-x"
FO=4(-DED-07 +()EEDA-x)7
D)@

4 4
-0 (-0 -2
195. 2x%+3x
Sx—1)10x*+13x2-3x+4
—(10x3=2x?)
15x2-3x+4
—(15x? - 3x)
4

2 _4
2x°+3x+ 6D

b _10*
196. —-=10"1n10

2 2 .
197. 5 n|2x+ 1|+ 55 @x+1)"
1

=ln4|2x+1|—m
2
dy _x_ x 1
98 =% -27%2
d_2y=L 1
2 27
Pt. of inflection % — 3 =0
x=1, y=%, %=% ie.#0
_ady 1
Just beforex = 1sayx=0 o ST g le~ve

’y 1.
Justafterx =1 sayx =2 -7 le +ve
d’y %
el changes sign & 70
= (1, -;— ) is a non-stationary point of inflection.
—> —
199.]}3=5i+4j+k, BC=i-j+4k,
AC =—4i—5j+3k

BA=V42 BC=v18 AC=150
le ABC) = 42+18-50 - () 181848
cos(angle ) ol
Angle ABC =79.5
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_ a2
200. x=tan@ 76 = 5¢¢ [

_[ 1 dx=j L sec?0 do
1+x2 1+tan26'

2
= I%d& =|1d6

sec” @
=6+c
=arctanx + ¢

2016+ 6y L _5x 50
4 5y—6x
& T 6y-5x
x=1,y=2 %:%

dx . .

202, — =-—2sin¢ ﬂ=4><2s1ntcost
dt dt
ﬂ=85intcostx+=_4005t

—2sint

203. (a) cos 2x = 2cos x — 1, cos x = % (cos 2x+ 1)

v|‘cos2x dx=%jcos2x+l dx

sin 2x

=l( +x)+c =lsi112x+lx+c
2 4 2

(b) u=10x—dl=10 ﬂ=sinxv=—cosx
dx dx

4
J.IOxsinx dx=—10xcosx—j—10cosx dx
0

=[-10xcosx +10sin x[F = (-107(-1) + 0) - (0) =10

204. 'fi—lt/=—kV k>0

1 = —
I7dV—I k dt

InV=-kt+c t=0V=A4.c=In4d
InV=-kt+ln4

vV vV —kt
In—==-kt > —=¢

4 4 Let k =\
SV=de ™™ e v=deH
1=8,34=4e" = 3-8

= 1n%= -84= 1=0.0359%

v=la La=gem0035%:

1
2

ln% —0.03596 1 = ¢ =19 sec

205. Assume you can find a value of x > 0 where

x+ LI 2
X
multiply everything by x (x> 0)
gives x2+1<2x

produce quadratic inequality x?—2x+1 <0

factorise x-1)?%<0
This is impossible for any value of x.
.. the assumption was false
.. the original statement is true.
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3x — 4, _B

206 30 =1 T aux
3—-x=4(2+x)+B
x=-2 5=B
x=0 3=24+5 A=-1
3-x _ 5
Pl S v

4
207. (a) [ * _ad| _2e_ 2.
Of Vxdr=|5] —x-z-p

1
b)x=1 y=+1=1
x=2.5 y=12.5=1.58113883
x=4 y=V4=2 h=15
Area~ 1.5/2 [1 +2x1.588113883 +2] ~4.62
14621708245

(c) percentage error = ~———;——— x 100
3
=0.963%
di o H_32 b _3? 3
208. (a) E—Zt 23 —=S—=3
At t=2 gradient=3, x=4,y =8
y—-8=3(x-4)

y=3x-4
(b) Area under curve= I02t3 2t dt

2
]o =
x8=2
Required area = —32 =32 =2 Z5q units
(c) 3t>=2t>+1  t=1 fits by trial and error.
Point of intersection (1, 1)

=j22t“dt=[2—;5-
0

R

Area of triangle=1x

wleo

™
w3

209.f(x) =x"+x-3 f(1)=-1 £(2)=7
There is a change of sign and therefore a root
betweenx =1 and x =2
x=1 x,=1.25992105
x3 = 1202789564 x,=1.215811678
x5 =1.212868073  xs=1.213534715
- x=1.21 to 3 sig. fig.
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210 4-x A B

: (2+x)(1—x)_(2+x)+(l-—x)
4—x=A(l-x)+ B2 +x)

x=1 3=3B  B=1
x=-2 6=34 A=2
4-x 2 1
Q+x0l-x @Q+x) (1-x)

=22+x) 7 +(1-x)"
22+x)7 =2x27(1+2)

1ol B2 2.

R
(=07 =+ ()"
=1+ (D)) + 22 () + DD 2 4

=14+ x+x2+X +..

4—x  _q_x,x*_x 2
T =l x4
=2+ix+3x0+1x0+.

Valid for —1<x<1

211. Ilay=_[smzxdx
y

lny:_0052x+c
2
cos 2x , . cos 2x cos 2x
y=e =e 2 ef=4e 2
x=%4’—y=5 5=4
cos 2x
y=5 2
_’
212. () AB=i+j+3k
() AB=VI1 OA=+11 OB=124
— 11+11-24 _
cos(angle OAB) i 0.0909

Angle OAB =95.2°
213.
fix)=e*—1/x
(0.5) =-0.351
(0.6) = 0.155
Change of sign.
.. Root between

x=05andx= 0.6\

x1=0.6, x2=0.566205..., x3=0.567142....,
x4=0.567143

f(0.5665) =—0.003.. £(0.5675)=0.0017..
Change of sign. .. x=0.567 to 3 dec. pl.




